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PREFACE 



Most persons do not possess, and do not easily acquire, the 
power of abstraction requisite for apprehending the Geometri- 
cal conceptions, and for keeping in mind the successive steps 
of a continuous argument. Hence, with a very large proportion 
of beginners in Geometry, it depends mainly upon the form in 
which the subject is presented whether they pursue the study 
with indifference, not to say aversion, or with increasing interest 
and pleasure. 

In compiling the present treatise, this fact has been kept con- 
stantly in view. All unnecessary discussions and scholia have 
been avoided ; and such methods have been adopted as experi- 
ence and attentive observation, confined with repeated trials, 
have shown to be most readily comprehended. No attempt has 
been made to render more intelligible the simple notions of 
position, magnitude, and direction, which every child derives 
from observation ; but it is believed that these notions have 
been limited and defined with mathematical precision. 

A few symbols, -which stand for words and not for operations, 
have been used, but these are of so great utility in giving style 
and perspicuity to the demonstrations that no apology seems 
necessary for their introduction. 

Great pains have been taken to make the page attractive. 
The figures are large and distinct, and are placed in th'e middle 
of the page, so that they fall directly under the eye in imme- 
diate connection with the corresponding text.^ The given lines 
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of the figures are full lines, the lines employed as aids in the 
demonstrations are short-dotted, and the resulting lines are long- 
dotted. 

In each proposition a concise statement of what is given is 
printed in one kind of type, of what is required in another, and 
the demonstration in still another. The reason for each step 
'is indicated in small type between that step and the one follow- 
ing, thus preventing the necessity of interrupting the process of 
the argument by referring to a previous section. The number 
of the section, however, on which the reason depends is placed 
at the side of the page. The. constituent parts of the propo- 
sitions are Carefully marked. Moreover, each distinct assertion in 
the demonstrations, and each particular direction in the construc- 
tions of the figures, begins a new line ; and in no case is it neces- 
sary to turn the page in reading a demonstration. 

This arrangement presents obvious advantages. The pupil 
perceives at once what is given and what is required, readily 
refers to the figure at every step, becomes perfectly familiar with 
the language of Geometry, acquires facility in simple and accu- 
rate expression, rapidly learns to reason, and lays a foundation 
for the complete establishing of the science. 

A few propositions have been given that might properly be 
considered as corpllaries. The reason for this is the great diffi- 
culty of convincing the average student that any importance 
should be attached to a corollary. Original exercises, however, 
have been given, not too numerous or too difficult to discourage 
the beginner, but well adapted to afford an effectual test of the 
degree in which he is mxistering the subjects of his reading. 
Some of these exercises have been placed in the early part of 
the work in order that the student may discover, at the outset, 
that to commit to memory a number of theorems and to repro- 
duce them in an examination is a useless and pernicious labor ; 
but .to learn their uses and applications, and to acquire a readi- 
ness in exemplifying their utility, is to derive the full benefit 
of that mathematical training which looks not so much to the 
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attainment of information as to the discipline of the mental fac- 
ulties. 

It only remains to express my sense of obligation to Dr. 
D. F. Wells for valuable assistance, and to the University 
Press for the elegance with which the book has been printed ; 
and also to give assurance that any suggestions relating to the 
work will be thankfully received. 

G. A. WENTWOETH. 

PBILLIPS EXETEE ACADEMY, 

January, 1878. 



.NOTE TO THIED EDITIOJ^. 

In this edition I have endeavored to present a more rigor- 
ous, but not less simple, treatment of Parallels, Eatio, and 
Limits. The changes are not sufficient to prevent the simulta- 
neous use of the old and new editions in the class ; still they are 
very important, and have been made after the most careful and 
prolonged consideration. 

I have to express my thanks for valuable suggestions received 
from many correspondents ; and a special acknowledgment is due 
from me to Professor C. H. Judson, of Furman University, 
Greenville, South Carolina, to whom I am indebted for assist- 
ance in effecting many improvements in this edition. 

TO THE TEACHEB. 

When the pupil is reading each Book for the fijst time, it will be 
well to let him write his proofs on the blackboard in his own lan- 
guage ; care being taken that his language be the simplest possible, 
that the arrangement of work be vertical (without side work)^ and 
that the figures be accurately constructed. 

This method will furnish a valuable exercise as a language lesson, 
will cultivate the habit of neat and orderly arrangement of work, 
and will allow a brief interval for dehberating on each step. 

After a Book has been read in this way the pupil should review 
the Book, and should be required to draw the figures free-hand. He 
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should state and prove the propositions orally, using a pointer to 
indicate on the figure every line and angle named. He should be 
encouraged, in reviewing each Book, to do the original exercises ; to 
state the converse of propositions ; to determine from the statement, 
if possible, whether the converse be true or false, and if the converse 
be true to demonstrate it ; and also to give well-considered answers 
to questions which may be asked him on many propositions. 

The Teacher is strongly advised to illustrate, geometrically and 
arithmetically, the principles of limits. Thus a rectangle with a 
constant base h, and a variable altitude x, will afford an obvious 
illustration of the axiomatic truth contained in [4], page 88. If x 
increase and approach the altitude a as a limit, the area of the rec- 
tangle increases and approaches the area of the rectangle a 6 as a 
limit ; if, however, x decrease and approach zero as a limit, the ai*ea 
of the rectangle decreases and approaches zero for a limit. An arith- 
metical illustration of this truth would be given by multiplying a 
constant into the approximate values of any repetend. If, for exam- 
ple, we take the constant 60 and the repetend .3333, etc., the approxi- 
mate values of the repetend will be ^'^, ^^, y%^, -^^^jf, etc., and 
these values multiplied by 60 give the series 18, 19.8, 19.98, 19.998, 
etc., which evidently approach 20 as a limit ; but the product of 60 
into J (the limit of the repetend .333, etc.) is also 20. 

Again, if we multiply 60 into the different values of the decreasing 
series, ^, ^, ^uW' YJshnf^ ®*<^-» ^^^^h. approaches zero as a limit, 
we shall get the decreasing series, 2, ^, -^y •^^, etc. ; and this series 
evidently approaches zero as a limit. 

In this way the pupil may easily be led to a complete comprehen- 
sion of the whole subject of limits. 

The Teacher is likewise advised to give frequent written examina- 
tions. These should not be too difficult, and sufficient time should 
be allowed far accurately constructing the figures, for choosing the 
best language, and for determining tlje best arrangement 

The time necessary for the reading of es:amination-books will be 
diminished by more than one-half, if the use of the symbols employed 
in this book be permitted. 

G.A.W. 

Phillips Exeter Academy, 
January, 1879. 
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BOOK I. 

EECTILINEAfi FIGUKES. 

INTEODUCTORT EEMARKa. 

A ROVOH block of marble, under the stone-cutter's hammer, 
may be made to assume regularity of form. 

If a* block be cut in the shape repre- 
Gented in this diagram. 

It will haye tix fiat faces. 

Each face of the block is called a Sur- 
face. 

If these surfaces be made smooth by pol- 
ishing, so that, when a straight-edge is applied to any one of 
them, the straightedge in every part will touch the surface, the 
surfeces are called Plane Surfaces, 

The sharp edge in which any two of these surfaces meet is 
called a Line. 

The place at whifh any three of these lines meet is called a 

If now the block be removed, we may think of the jdaee 
occupied by the block as being of precisely the same shape and 
size as the block itself; also, as having surfaces or boundaries 
which separate it from surrounding space. We may likewise 
think of these surfaces as having lines for their boundaries or 
limits ; and of these lines as having points for their extremities 
or limits. 

A Solid, as the term is used in Geometry, is a limited por- 
tion of apace. 

After we acquire a clear notion of surfaces as boundaries of 
solids, we can easily conceive of surfaces apart from solids, and 
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suppose them of unlimited extent. Likewise we can conceive of 
lines apart from surfaces, and suppose them of unlimited length ; 
of points apart from lines as having paifitionf but no ext^. 

Definitions. 

1. Def. Space or Extension has three Dimensions^ called 
Lengthy Breadth, and TTiickness. 

2. Def. A Pointi has position without extension. 

3. Def. A Line has only one of the dimensions, of exten- 
sion, namely, length. 

The lines which we draw are only imperfect representations 
of the true lines of Geometry. 

A line may be conceived as traced or generated by a point in 
motion. 

4. Def. A Surface has only two of the dimensions of ex- 
tension, length and breadth, 

A surface may be conceived as generated by a line in motion. 

5. Def. A Solid has the three dimensions of extension, 
length, breadth, and thickness. Hence a solid extends in all direc- 
tions. 

A solid may be conceived as generated by a. surface in motion. 

Thus, in the diagram, let the upright ^_ ^ 

surface ABC B move to the right to ^ 
the position E F H K, The points 
A, B, C, and D will genetate the lines 
AE,BF,CK, and D H respectively. 



4.-1 

D_ [,\^ 

1^ 



K 

And the lines AB, B /)., B C, and A C will generate the sur- 
faces A F, B H, B K, and A K respectively. And the surface 
ABC B will generate the solid A H, 

The relative situation of the two points A and H involves 
three^ and only three, independent elements. To pass from A to H 
it is necessary to move East (if we suppose the direction ^1 ^ to 
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be due East) a distance equal to A JS, North a distance equal to 
£Ff and down a distance equal to FJff. 

These three dimensions we designate for convenience length, 
breadth, and thickness. 

6. The limits (extremities) of lines are points. 
The limits (boundaries) of surfaces are lines. 
The limits (boundaries) of solids are surfaces. 

7. Dbp. Extension is also called Magnitude, 

When reference is had to extent, lines, surfaces, and solids are 
called magnitudes. 

8. Dep. a Straight line is a line which has 
the same direction throughout its whole extent. 

•9. Dep. A Curved line is a line which changes 
its direction at every point. 

10. Dbp. a Broken line is a series of con- 
nected straight lines. 

When the word line is used a straight line is meant; and 
when the word curve is used a curved line is meant. 

11. Dep. a Plane Surf ace, or a Plane, is a surface in which, 
if any two points be taken, the straight line joining these points 
will lie wholly in the surface. 

12. Dep, A Curved Surface is a surface no part of which 
is plane. 

13. Figure ot form depends upon the relative* position of 
points. Thus, the figure or form of a Hne (straight or curved) 
depends upon the relative position of points in that line ; the 
figure or form of a surface depends upon the relative position of 
points in that surface. 

When reference is had to form or shape, lines, surfaces, and 
solids are called figures. 
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14. Def. a Plane Figure is a figure, all points of ■wliich 
are in the same plane. 

15. Def, Geometry is the science which treats of position, 
magnitude, and form. 

Points, lines, surfaces, and solids, with their relations, are 
the geometrical conceptions, and constitute the subject-matter of 
Geometry, 

16. Plane Geometry treats of plane figures. 

Plane figures are either rectilinear, curvilinear, or mixtilinear. 

Plane figures formed by straight lines are called rectilinear 
figures ; those formed by curved lines are called curvilinear fig- 
ures ; and those formed by straight and curved lines are called 
mi^stilinear figures. 

17. Def. Figures which have the same form are called 
Similar Figures, Figures which have the same extent are called 
Equivalent Figures. Figures which have the same form and 
extend are called Equal Figures, 



On Straight Lines. 

18. If the direction of a straight line and a point in the 
, line be known, the position of the line is known ; that is, a 
straight line is determined in position if its direction and one *bf 
its points be known. 

Hence, all straight lines which pass through the same point in 
the same direction coincide. 

Between two points one, and but one, straight line can be 
drawn ; that is, a straight line is determined in 'position if tivo of 
its points be known. 

Of all lines between two points, the shortest is the straight 
line ; and the straight line is called the distance between the 
two points. 
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The point from which a line is drawn is called its origin, 

19. If a line, 9i& C B, ^ f ^ j be produced through C, 
the portions C B and G A may be regarded as different lines 
having opposite directions from the point C, 

Hence, every straight line, as AB, d f , has two opposite 

directions, namely from A toward B, which is expressed by say- 
ing line A B, and from B toward -4, which is expressed by 
saying line B A. 

20. If a straight line change its magnitude, it must become 
longer or shorter. Thus by prolonging AB to C, ^ f ^ , 
A C=AB + B C\ and conversely, BC=A C—A B. 

If a line increase so that it is prolonged by its own magnitude 
several times in succession, the line is midtiplied, and the result- 
ing line is called a multiple of the given line. Thus, if ^1 J5 = 
BC=GD, etc., ^ f ^ ^ ^, then AC==2AB, AD = 
BAB, etc. 

It must also be possible to divide a given straight line into an 
assigned number of equal parts. For, assumed that the nth 
part of a given line were not attainable, then the double, triple, 
quadruple, of the nth part would not be attainable. Among 
these multiples, however, we should reach the nth multiple of 
this ?ith part, that is, the line itself. Hence, the line itself would 
not be attainable ; which contradicts the hypothesis that we have 
the given line before us. • 

Therefore, it is altuays possible to add, subtract, multiply, and 
divide lines of given length, 

21. Since every straight line has the property of direction, 
it must be true that two straight lines have either tfie same 
direction or different directions. 

Two straight lines which have the same direction, without coin- 
ciding, can never meet ; for if they could meet, then we should 
have two straight lines passing through the same point in the 
same direction. Such lines, however, coincide. § 18 
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22. Two straight li?ies which lie in the same plane and have 
different directions must meet if sufficiently prolonged ; and mtist 
have one, and but one, point in common. 

Conversely : Two straight lines lying in the same plane which 
do not meet have the same direction; for if they had different 
directions they would meet, which is contrary to the hypothesis 
that they do not meet. 

Two straight lines which m£et have different directions; for 
if they had the same direction they would never meet (§ 21), 
which is contrary to the hypothesis that they do meet. 



On Plane Angles. 

23. Dep. An Angle is the difference in direction of two 
lines. The point in which the lines (prolonged if necessary) 
meet is called the Vertex, and the lines are called the Sides of 
the angle. 

An angle is designated by placing a letter at its vertex, and 
one at each of its sides. In reading, we name the three let- 
ters, putting the letter at the vertex between the other two. "When 
the point is the vertex of but one angle we usually name the 
letter at the vertex only ; thus, in Fig. 1, we read the angle by 





Fig. 1. 

calling it angle A, But in Fig. 2, ff is the common vertex of 
two angles, so that if we were to say the angle II, it would not 
be known whether we meant the angle marked 3 or that 
marked 4. We avoid all ambiguity by reading the former as 
the angle E H D, and the latter as the angle E H F, 
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The magnitude of an angle depends wholly upon the extent 
of opening of its sides, and not upon their B 

length. Thus if the sides of the angle BAO^ 
namely, A B and A (7, be prolonged, their 

extent of opening will not be altered, and the A^ C 

size of the angle, consequently, will not be 
changed. 

24. Def. Adjacent Angles are angles 
having a common vertex and a common 
side between them. Thus the angles 
C D E and C DF are adjacent angles. 



E 



-F 



D 




25. Def. A Eigkt Angle is an angle included between two 
straight lines which meet each other so that the two adjacent 
angles formed by producing one of the lines 

through the vertex are equal. Thus if the 
straight line A B meet the straight line C D 
so that the adjacent angles ABC and ABB 
are equal to one another, each of these an- 
gles is called a right angle. 

26. Def. PerpendicutoLr Lines are lines 
which make a right angle with each other. 

27. Def. An Acute Angle is an angle 
less than a right angle ; as the angle B AC, 

28. Def. An Ohtuse Angle is an angle 
greater than a right angle ; as the angle 
DEF. 

29. Def. Acute and obtuse angles, in 
distinction from right angles, are called oh- 

lique angles ; and intersecting lines which are not perpendicular 
to each other are called oblique lines, ^ 

30. Def. The Complement of an angle is 
the difference between a right angle and the 
given angle. Thus A BI) ia the complement 
of the angle BBC; also B BC ia the com- 
plement of the angle ABB. 
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31. Dep. The Supplement of an angle 
is the difference between two right angles 
and the given angle. Thus AC D is the 
supplement of the angle DC B\ also D C B 
is the supplement of the angle AG D. 

32. Dep. Vertical Angles are angles 
which have the same vertex, and their 
sides extending in opposite directions. 
Thus the angles ADD and COB are 
vertical angles, as also the angles AGO 
and DGB, 



D 



a 



B 




On Angular Magnitude. 




33. Let the lines B B' and A A' be in 
the same plane, and let BB' be perpen- 
dicular to J[ ^' at the point G, 

Suppose the straight line G C to move 
in this plane from coincidence with G A, 
about the point as a pivot, to the po- 
sition G C ; then the line G C describes or 
generates the angle AG C. 

The amount of rotation of the line, from the position G A io 
the position (7, is the Angular Magnitude AOC, 

If the rotating line move from the position -4 to the po- 
sition G B^ perpendicular to G A^ it generates a right angle.; to 
the position G A' it generates two right angles ; to the position 
GB'^ as indicated by the dotted line, it generates three right 
angles ; and if it continue its rotation to the position G A, 
whence it started, it generates four right angles. 

Hence the whole angular magnitude about a point in a plane 
is equal to four right angles, and the angular magnitude about 
a point on one side of a straight line drawn through that point 
is equal to two right angles. 
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Fig. 1. 




34. Now since the angular magnitude about the point is 
neither increased nor diminished by the number of lines which 
radiate from that point, the sum of all the angles about a point 
in a planCy as AOB + BOC+CODy etc., in Fig. 1, is equal 
to four right angles ; and the sum of all the angles about a point 
on one side of a straight line drawn through that pointy as 
AOB-YBOO'\-CODy etc., Fig. 2, is equal to two mght 
angles, 

•Hence two adjacent angles, OCA and C B, 
formed by two straight lines, of which one is ' ^ 

produced from the point of meeting in both di- 
rections, are supplements of each other, and may 2. 
be called supplementary adjacent angles. 




G 



^ 



On the Method op SuPERrosiTiON. 

35. Th^test of the equality of two geometrical magnitudes 
is that they coincide point for point. 

Thus, two straight lines are equal, if they can be so placed 
that the points at their extremities coincide. Two angles are 
equal, if they can be so placed that their vertices coincide in 
position and their sides in direction. 

In applying this test of equality, we assume tliat a line may 
be moved from one place to another without altering its length ; 
that an angle may be taken up, turned over, and put down, 
without altering the difference in direction of its sides. . 
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This method enables us to com- 
pare unequal magnitudes of the 
same kind. Suppose we have two 
angles, ABO and A* B' C. Let 
the side J5 C be placed on the side 
B' C'j so that the vertex B shall fall on B', then if the side B A 
fall on B' A', the angle ABG equals the angle A' Bf C 'y if the 
side BA fall between B C and ^ il' in the direction B* D, the 
angle ABG \% less than A' B' C : but if the side B A fall in the 
direction BJE, the angle A B is greater than -4' B* C\ 

This method of superposition en- ^ q 

ables us to add magnitudes of the 

same kind. Thus, if we have two c D 

straight lines AB and CD, by ^ ^ 

placing the point on B, and keeping C JD in the same direc- 
tion with A Bj we shall have one continuous straight line A D 
equal to * the sum of the lines A B 
and C D, 

Again : if we have the angles 
ABG and D E F, by placing 
the vertex B on E and the side 
BC in the direction of ED, the 
angle ABC will take the position 
A ED, and the angles DEF and 
ABC will together equal the an- 
gle A EF. 




*E 



Mathematical Terms. 

• 

36. Dep. a 2>«m(ww<ra<w» is a course of reasoning by which 
the truth or falsity of a particular statement is logically established. 

37. Dep. A Theorem is a truth to be demonstrated. 

38. Dep. A Construction is a graphical representation of 
a geometrical conception. 

39. Dep. A Problem is a construction to be effected, or a 
question to be investigated. 
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40. Def. An Axiom is a truth which is admitted without 
demonstration. 

41. Def. A Postulate is a problem which is admitted to 
be possible. 

42. Def. A Proposition is either a theorem or a problem. 

43. Def. A Corollary is a truth easily deduced from the 
proposition to which it is attached. 

44. Def. A Scholium is a remark upon some particular fea- 
ture of a proposition. 

45. Def. An Hypothesis is a supposition made in the 
enunciation of a proposition, or in the course of a demonstration. 

46. Axioms. 

1. Things which are equal to the same thing are equal to each 

other. 

2. When equals are added to equals the sums are equal. 

3. When equals are taken from eqiials the remainders are equal. 

4. When equals are added to unequals the sums are unequal. 

5. When equals are taken from unequals the remainders are 

unequal. 

6. Things which are double the same thing, or equal things, 

are equal to each other. 

7. Things which are halves of the same thing, or of equal 

things, are equal to each other. 

8. The whole is greater than any of its parts. 

9. The whole is equal' to all its parts taken together. 

47. Postulates. 

Let it be granted — 

1. That a straight line can be drawn from any one point to any 

other point. 

2. That a straight line can be produced to any distance, or can 

be terminated at any point. 

3. That the circumference of a circle can be described about any 

centre, at any distance from that centre. 
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48. Symbols and Abbreviations. 



.'. therefore. 

= is (or are) equal to. 

Z angle. 

A angles. 

A triangle. 

A triangles. 
II parallel. 

O parallelogram 

lU parallelograms. 

J_ perpendicular. 

Jf perpendiculars, 
rt. Z right angle. 
rt. A right angles. 

> is (or are) greater than. 

< is (or are) less than, 
rt. A right triangle, 
rt. A right triangles. 

O circle. 

(D circles. 

+ increased by. 

— diminished by. 

X multiplied by. 

•^ divided by. 



Post, postulate. 

Def. definition. 

Ax. axiom. 

Hyp. hypothesis. 

Cor. corollary. 

Q. E. D. quod erat demonstran- 
dum. 

Q. E. F. quod erat faciendum. 

Adj. adjacent. 

Ext.- int. exterior-interior. 

Alt. -int. alternate-interior. 

Iden. identical. 

Cons, construction. 

Sup. supplementary. 

Sup. adj. supplementary-adja- 
cent. 

Ex. exercise. 

IlL illustration. 
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On Perpendicular and Oblique Lines. 
Proposition I. Theorem. 

« 

49. When one straight line crosses another straight line 
the vertical angles are equal. 





P 

Let line OP cross A B at C. 

We are to prove Z OCB = Z A C P. 
Z0CA'hZ0CB = 2Tt.A, 

{being sup. -adj. A). 

Z OCA-^- Z ACP=2vt.A, § 34 

{being sup.-adj.A). 

.\ZOCA + ZOCB = ZOCA-^ZACP, Ax. 1. 

• 

Take away from each of these equals the common Z C A. 
Then ZOCB = ZACP, 

In like manner we may prove 

Z ACO = Z PCB. 

Q. E. D. 

50. Corollary. If two straight lines cut one another, tlie 
four angles which they make at the point of intersection are 
together equal to four right angles. . 
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Proposition IL Theorem. 

51. When the mm of two adjacent angles is equal to two 
• right angles, their exterior sides form one and the same 
straight line. 



ACS 

Let the adjacent angles Z OCA + Z OCB = 2 rt. A. 

We are to prove A C and G B in the same straight line. 

Suppose C ^ to be in the same straight line with A (7. 
Then Z C.4 + Z <7J^= 2 rt. ^. § 34 

(being sv/p,-adj, -4 ). 
But Z Oa^ + Z 0C5==2rt. A Hyp. 

.-.Z OCA + Z OCF=^Z OCA + Z OCB. Ax. 1. 

Take away from each of these equals the common Z C A, 

Then Z OCF-^Z OCB. 

.'. C B and C F coincide, and cannot form two lines as rep- 
resented in the figure. 

.\AC and (7 ^ are in the same straight line. 

Q. E. D. 



'^I- 
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Proposition III. Theorem. 

52. A perpendicular meamre% the shortest distance from 
a point to a straight line. 



C 




Let AB be the given stisbight line, C the given point, 
and C the perpendicular. 

We are to prove 0^ any other line drawn from C to A B, 
as C F, 

Produce CO to H, making OE^CO. 

Draw EF, 
On AB 2i& an axis, fold over OC Fxmiil it comes into the 
plane of E F, 

The line C will take the direction of E, 
(since Z COF= /.EOF, each being a H, Z). 

The point C will fall upon the point E, 
{stiice 00= Ehy cons.), 
.-.line CF^HhqFE, 
{Tiaving their extremities in the same paints), 

,', CF-\- FE-=2 CF, 
CO-^- 0E=2C0, 

C0+ 0E< CF+ FE, 

(a straight line is the shortest distance hetioeen two points). 
Substitute 2 C for C -^ OE, 

and 2 Ci^for C F -\- FE; then we have 

2 C0K2CF, 

.',C0< CF, 

Q. E. D. 



§18 



and 
But 



Cons. 
§ 18 



n 
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Proposition IV. Theorem. 

53. Two oblique lines drawn from a point in a perpen- 
dicular, cutting off equal distances from the foot of the per- 
pendicular, are equal. 




Let F C be the perpendicular, and C A and C 0. two 
oblique lines cutting off equal distances from F. 



We are to prove C A = C 0, 

Fold over C F Ay on (7^ as an axis, until it comes into the 
plane oi G F 0. 

FA will take the direction of FO, 
{since Z C FA = ZOFO, each being a rt. Z. ). 

Point A will fall upon point 0, 
' {FA = FO, by hyp.). 



.-.line CA = line (70, 
(tkeir extremities being the same points). 



§ 18 



Q. E. D. 
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Proposition V. Theorem. 

54. Ths sum of two lines drawn from a point to the ex- 
tremities of a straight line is greater than the sum of two 
other lines similarly drawn, but included hy them. 




Let C A and C B be two lines drawn from the point 
to the extremities of the straight line A B. Let A 
and B be two lines similarly drawn, but included 
byCAandCB, 

Wfi are to prove CA + CB>OA + OB. 

Produce A to meet the line C B oi E. 

Then AC-^ CE>AO'\- OE, §18 

(a straight lirie is the sh-ortest distance between ttoo points), 

and BE^OE>BO. §18 

Add these inequalities, and we have 

CA-\'CE-^BE+OE>OA + OE+OB. 

Substitute for GE+ BE its equal C B, 

and take away E from each side of the inequality. 

We have CA-\-CB>OA + OB, 

Q. E. D. 
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Proposition VI. Theorem. 

55. Of two oblique lines drawn from the same point in a 
perpendicular f cutting off unequal distances from the foot of 
the perpendicular y the more remote is the greater. 

C 




Let C F be pexpendicular to A B, and C K and C H two 
oblique lines cutting off unequal distances from F. 

We are to prove C U^ C K. 

Produce CFto F, making FE = C F. 
Bmw FFsndFE. 

CH == HF, and CK = KF, § 53 

(tujo oblique lines dratvn from the same point in a ±, cutting off equal dis- 
tances from the foot of the JL, are equal). 

But Cff+HF>GK+KF, §54 

{The sum of two oblique lines drawn from, a point to the extremities of a 
straight line is greater than the sum of two other lines similarly draum, 
but included by them); 

.\2CH>2GK] 
.\CH>CK. 

Q. E. D. 

56. Corollary. Only two equal straight lines can be drawn 
from a point to a straight line; and of two unequal lines, the 
greater cuts off the greater distance from the foot of the perpen- 
icular. 
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Proposition VII. Theorem. 

57. Two equal oblique lines, drawn from the same point 
in a perpendicular, cut off equal distances from the foot of 
the perpendicular. 




Let C F be the perpendicular, and C E and C K be two 
equal oblique lines drawn from the point C. 

We are to prove FE= FK. 

Fold over C FA on CF as an axis, until it comes into the 
p\&neoi OF B. 

The line FF will take the direction FK, 
(Z CFE- ACFK, each, being a H. A). 

Then the point E must fall upon the point K ; 

otherwise one of these oblique lines must be more remote from 

the X, 

and .*. greater than the other; which is contrary to the 

hypothesis. § 55 

.'.FE^FK. 

Q. E. D. 
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Proposition VIII. Theorem. 

58. If cd the middle point of a straight line a perpen- 
dicular he erected, 

I. Any point in the perpendicular is at equal distances 
from the extremities of the straight line, 

II. Any point without the perpendicular is at unequal 
distances from the extremities of the straight 'line. 




Let P R be a, perpendicular erected at the middle 02 
the straight line AB, any point in PE, and any 
point without PR. 

I. Draw ^ and ^. 

We are to prove A=^ B, 



Since 



PA^PB, 



OA^OB, §53 

{^wo oblique lines drawn' from the same point in a ±, cuttinjg off eqtuil dis^ 

tances/rom the foot of the ±, are equal)* 



11. 



Draw CA and C B. 



We are to prove C A and C B unequal. 

One of these lines, as C A, will intersect the -L. 
From Dy the point* of intersection, draw D B, 
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DB=-DA, §53 

(two oMique lines dravm from the same paint in a JL, cutting off equal dis- 
tances from t?ie foot of the X, are equal), 

CB< CD + DB, § 18 

(a straight line is the shortest distance between two points). 

Substitute for £> B its equal I) A, then 
CB<CD + DA. 

m 

But CI) + DA = CA, Ax. 9. 

.\CB<CA. 

Q. E. D. 

59. The Locus of a point "is a line, straight or curved, con- 
taining all the points which possess a common property. 

Thus, the perpendicular erected at the middle of a straight 
line is the locus of all points equally distant from the extremi- 
ties of that straight line. 

60. Scholium. Since two points determine the position of 
a straight line, two points equally distant from the extremities 
of a straight line determine the perpendicular at the middle 
point of that line.- 



Ex. 1 . If an angle be a right angle, what is its complement t 

2. If an angle be a right angle, what is its supplement 1 

3. If an angle be J of a right angle, what is its complement 1 

4. If an angle be J of a right angle, what is its supplement] 

6. Show that the bisectors of two vertical angles form one 
and the same straight line. 

6. Show that the two straight lines which bisect the two 
pairs of vertical angles are perpendicular to each other. 
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Proposition IX. Theorem. 

61. At a point in a straight line only one perpendicular 
to that line can he drawn ; and from a point without a 
straight line only one perpendicular to that line can he drawn. 

AE 



A F 

1 


* 




i 





C B D C EB 

Fig. 1. Fig. 2. 

Let BA {tig, JO be perpendicular to C D at the point B. 

We are to prove B A the only perpendicular to C D at the 
point B. 

If it be possible, let BE he another line 1. to C D ai B. 
Then Z EBB ia s^rt. Z, §26 

But ZABDiaa,Tt,Z. §26 

.\Z EBD = ZABD. Ax. 1. 

That is, a part is equal to the whole ; which is impossible. 
In like manner it may be shown that no other line but B A 
is ± to (7Z> at B, 

Let AB {H^, 2) be perpendicular to CD from the point A. 
We are to prove A B the only JL to C D from the point A, 

If it be possible, let A E he another line drawn from A i. 
to CD. 

Conceive Z AEB to he moved to the right until the ver- 
*tex E falls on B, the side E B continuing in the line CD, 

Then the line E A will take the position B F, 

Now if ^ ^ be ± to C />, ^ i^ is ± to t7 A and there will 
be two Js. to C D a.t the point B ; which is impossible. 

In like manner, it may be shown that no other line but 
il -5 is -L to CD from A, q, g, q. 

62. Corollary. Two lines in the same plane perpendicular 
to the same straight line have the same direction ; otherwise 
they would meet (§ 22), and we should have two perpendicular 
lines drawn from their point of meeting to the same line ; which 
is impossible. 
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On Parallel Lines. 

63. Parallel Lines are straight lines which lie in the same 
plane and have the same direction, or opposite directions. 

Parallel lines lie in the same direction, when they are on 
the same side of the straight line joining their origins. 

Parallel lines lie in opposite directions, when they are on 
opposite sides of the straight line joining their origins. 

64. Two parallel lines cannot meet, § 21 

65. Two lines in the same pUme perpendicular to a given 
line Jiave the same direction (§ 62), and are therefore parallel. 

66. Through a given point only one line can he dravm par^ 
allel to a given line. § 18 




If a straight line E F cut two other straight lines AB 
and C 2>, it makes with those lines eight angles, to which par- 
ticular names are given. 

The angles 1, 4, 6, 7 are called Interior angles. 

The angles 2, 3, 5, 8 are called Exterior angles. 

The pairs of angles 1 and 7, 4 and 6 are called Alternate- 
interior angles. 

The pairs of angles 2 and 8, 3 and 5 are called Alternate- 
exterior angles. 

The pairs of angles 1 and 5, 2 and 6, 4 and 8, 3 and 7 are 
called Exterior-interior angles. 
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Proposition X. Theorem. 



67. If a straight line he perpendicular to one of two 
parallel lines, it is perpendicular to the other. 



H 



E 



10 



c 



'N 



Let A B and E F be two parallel lines, and let HK he 
perpendicular to A B, 

We are to pnyve HK ±to EF, 

w 

Through C draw MF ±ioffK. 

Then MNis\itoAB. §65 

(Ttpo lines in the sajne plane ±to a given line are paraZleT). 

But ^i^isOto^^, Hyp. 

.\EF coincides with M K § 66 

{Through the same point only one line can he drawn II to a given line). 

.\ E Fis ± to HK, 



that is 



HK\3±toEF. 



Q. E. D. 
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Proposition XL Theorem. 

.68. If two parallel straight lines be cut hy a third 
straight line the alternate-interior angles are equal. 



JaOt E F and GH be two parallel straight lines cut by 

the line BG. 

We are to prove AB=^Z.G, 

TLrougli 0, the middle point of B C, draw A JD jLto Gff. 

Then A JD ia Hkewise ±toEF, § 67 

{a straight line ± to one of two Wsis l.to the other), 

that ia, GB and B A q,tq both JlIo AD. 

• Apply figure GOD to figure BOA so that OD shall fall 

on OA. 

Then G wiR faU on B, 

(since ZCOD = ZBOA, being vertical A) ; 

and point G will faU upon B, 

(since G= B by construction). 

Then ± CD wiU coincide with ±BA, § 61 

(from a point without a straight line only one JL to t?iat line can be drawn). 

.'. Z G D coincides with A OB A, and is equal to it. 

Q. E. D. 

Scholium. By the converse of a proposition is meant a 
proposition which has the hypothesis of the first as conclusion 
and the conclusion of the first as hypothesis. The converse of 
a truth is not necessarily true. Thus, parallel lines never meet ; 
its converse, lines which never meet are 'parallel^ is not true unless 
the lines lie in the same plane. 



Note. — The converse of many propositions will be omitted, 
but their statement and demonstration should be required as an 
important exercise for the student. 
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Proposition XII. Theorem. 

69. Conversely : JFhen two straight lines are cut hy a 
third straight line, if the alternate-interior angles be equal, 
the two straight lines are parallel. 




Let EF cut the straight lines A B and CD in the points 
H andK, and let the Z A HK = Z HKD. 

We are to prove AB II to C D. 
" Through the point ^JST draw Jf iV II to C2>; 

then Z MHK = Z HKD, § 68 

(being alL-inL A ). 

But Z A HK = Z HKD, Hyp. 

.'.ZMHK^ZAHK. Ax. 1. 

.•. the lines M^ and A B coincide. 
^ But Ml^is W to CD; Cons. 

.'. AB, which coincides with ifiT, is II to CD. 

Q. E. D. 
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^Proposition XIII. Theorem. 

70. If two parallel lines he cut hy a third straight line, 
the exterior-'interior angles are equal, 

E 



I A 




Let AB and C D be two parallel lines cut by the 
stiaight line E F^ in the points H and K, 

We are to prove Z. EHB = Z HKD. 

A EHB =-ZA HKy § 49 

(Jking vertical ^i). 

But ZAEK'=Z. HKD, § 68 

(being aU.-irU. A), 

.\Z.EHB = /.HKD. Ax. 1 ' 

In like manner we may prove 

Z.EHA=/.nKC. 

Q. E. D. 



Yl. Corollary. The alternate-exterior angles, EHB and 
C KF, and also A HE and D KF, are equal. 



30 GEOMETRY. BOOK I. 



Proposition XIV. Theorem. 

72. Conversely : When two straight lines are cut hy a 
third straight line, if the exterior^interior angles be equal, 
these two straight lines are j^arallel. 




--iV 



Let EF cut the straight lines AB and C D in the 
points H and K, and let the Z BIIB'=Z EKD. 

We are to prove AB II to C D , 
Through the point H draw the straight line MN II to CD, 

Then Z EHN= A HKD, § 70 

(Jbemg ext.-iivt. A). 

But Z EHB = Z HKD. Hyp. 

.-. Z EHB = Z EHN. Ax. 1. 

.'. the lines M N and A B coincide. 
But MNis II io CD, Cons. 

,', AB, which coincides with M^, is II to CD, 

Q. E. D. 
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Proposition XV. Theorem. 

73.-5^ two parallel lines be cut by a third straight line, 
the sum of the two interior angles on the same side of the 
secant line is equal to two right angles. 

E 




Let AB and C D be two parallel lines cut by the 
straight line EF in the points H and K, 

We are to prove Z BHK + Z HKD =.two rt. A. 

Z EEB + Z BHK = 2 rt. ^, § 34 

{being 8xcp,-adj. A),. 

But AEHB^A HKD, § 70 

{being ext.-int A ), 
Substitute Z HKD for Z EHB in the first equality; 

then Z BHK + Z HKD == 2 rt. A 

Q. E. D. 
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Proposition XYI. Theorem. 

74. ConVersbly : When two straight lines are cut hy a 
third straight line, if the two interior angles on the same side 
of the secant line be together equal to two right angles, then 
the two straight lines are jaarallel. 



E 



A 







Let EF cut the stmight lines AB and C B in the 
points H and K, and let the A BHK + Z HKD 
equal two light angles. 

We are to prove AB W to CD, 

Through the point E draw MJ^ II to C D. 
Then Z NEK + A EKB = 2 rt. 2S, § 73 

Q)emg two interior ^ on the same side of the secant line). 

But Z BEK + Z EKD = 2 rt. A Hyp. 

.\ZNEK-\-ZEKD = ZBEK-\-ZEKD. Ax. 1. 

Take away from each of these equals the common ZEKD, 

then Z NEK =- Z B EK. 

.'. the lines A B and M N coincide. 

' But JfiTis-il to CD; Cons. 

*\ An, which coincides with MN, is 11 to CD, 

Q. E D. 
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Proposition XYII. Theorem. 

75. Two straight lines which are parallel to a third 
straight line are parallel to each other. 

H 



C 



E 







D 



Let AB and CD be paiaUel to EF. 

We are to prove AB II to C D, 

Bt&w ffK±toEF. 

Since CD and EF are II, HK is ± to CD, § 67 
{if a straight line he JL to one of two \\s, it is 2^ to the other also\ 

Since A B and E F o^ne II, EK is also 1j ioAB, § 67 

.\ZHOB = Z.HPD, 

{each being art. /.). 

r.ABis W to CD, § 72 

(when two straight lines are cut by a third straight line, if the ext.-int, A 

he eqiialf the two lines are II ). 

Q. E. D. 
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Proposition XVIII. Theorem. 

76. Two parallel lines are everywhere equally distant 

from each other. 

E M H ^ 
A . i 1 B 




^ F P K 

Let A B and CD be two parallel lines, and from any 
two points in AB, as E and H, let EF and HK 
be diawn perpendicular to A B. 

We are to prove EF— HK, 

l!(ow EF and HE are ±ix> CD, §67 

(a line ± to one of two Wsis A.to the other also). 

Let M be the middle point of E H. 

Draw MP ± to ^ J?. 

On Jf P as an axis, fold over the portion of the figure on 

the right oi MP until it comes into the plane of the figure on 

the left. 

MB wiU faU on MA, 
(for /. PMH= /. PME, each being art. Z); 

the point H will fall on E, 
{for MH= ME,hy hyp.) ; 

HK will fall on E F, 
(for Z MHK= Z MEF, each heitig a rt. Z) ; 

and the point K will fall on EF, or EF produced 

Also, Pi> will fall on pa, 
(Z MPK= Z MPF, each being a rt. Z) ; 

and the point K will fall on P C. 

Since the point K falls in both the lines EF and P C, 

it must fall at their point of intersection F. 

.\HK=EF, §18 

{their extremities being the same points). 

Q. E. D. 
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Proposition XIX. Theorem. 

77. Two angles whose sides are parallely two and two, 

and lie in the same direction, or opposite directions, from their 

•vertices, are equal, 

A D 





Pig. 1. 

Let A B and E {Fig. 1) have their sides BA and ED, 
and BC and EF respectively, parallel and lying 
in the same direction from their vertices. 

We are to prove the /. B =" /. E, 

Produce (if necessary) two sides which are not II until they 
intersect, as at J?"; 

then /.B = ADHG, §70 

{being ext,-int, A ), 

and ZE = ZJDffC, §70 

.'.Z B = Z E, . Ax. 1 

« 

Let A B' and E' {Fig. 2) have B' A' and E' ly, and B' C 
and E' F' respectively, parallel and lying in oppo- 
site directions from their vertices. 

We are to prove the /. B' = A E'. 

Produce (if necessary) two sides which are not II until they 
intersect, as at W. 

Then A ff ^ A E B C\ § 70 

{))emg tTA.'inL A), 

and AE' = A WH'G', § 68 

{being cUt.-int. A) ; 

.\ AB'^A E\ Ax. 1. 

Q. E. O. 
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Proposition XX. Theorem. 

78. If two angles have two sides parallel and li/ing in 
the same direction from their vertices, while the other two 
sides are ^parallel and lie in opposite directions, then the two 
angles are supplements of each other. 

V 




Let ABG and D EF be two angles having B and ED 
parallel and lying in the same direction from their 
vertices, while EF and B A are paxaUel and lie in 
opposite directions. 

We are to prove Z. ABC and Z D EF mpplements of each 
other. 

Produce (if necessary) two sides which are not II until they 
intersect as at H. 

AABC^ABKB, §70 

{hti-ng ext.-irU. A ). 

Z I)EF=ZBEE, • §68 

(being alt -int. A ). 

But Z BE D and Z B HE are supplements of each other, § 34 

(being sup. -adj. A ). 

.'. Z ABC and Z D E F, the equals of Z BED and 

Z B H E, are supplements of each other. 

a E. b. 
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On Triangles. 

79. Def. a Triangle is a plane figure bounded by three 
straight lines. 

A triangle has six parts, three sides and three angles. 

80. When the six parts of one triangle are equal to the six 
parts of another triangle, each to each, the triangles are said to 
be equal in all respects, 

81. Def. In two equal triangles, the equal angles are called 
Homologous angles, and the equal sides are called HomologoiLS 
sides. 

82. 'In equal triangles the equal sides are opposite the 
equal an^es. 






80ALENE. ISOSCELES. EQUILATERAL. 

83. Def. A Scalene triangle is one of which no two sides 
are equal. 

84. Def. An Isosceles triangle is one of which two sides 
are equal. 

85. Def. An Equilateral triangle is one of which the three 
sides are equal. 

86. Def. The Base of a triangle is the side on which the 
triangle is supposed to stand. 

In an isosceles triangle, the side which is not one of the 
equal sides is considered the base. 



38 



GEOMETRY. BOOK I. 






RIGHT. 



OBTUSE. 



ACUTE. 



87. Def. a Right triangle is one which has one of the 
angles a right angle. 

88. Def. The side opposite the right angle is called the 
Hypotenuse. 

89. Def. An Obtuse triangle is one which has one of the 
angles an obtuse angle. 

90. Def. An Acute triangle is one which has all the angles 
acute. 




EQUIANQULAR. 




91. Def. An Equiangular triangle is one which has all 
the angles equal. 

92. Def. In any triangle, the angle opposite the base is 
called the Vertical angle, and its vertex is called the Vertex of 
the triangle. 

93. Def. The Altitude of a triangle is the perpendicular 
distance from the vertex to the base, or the base produced. 

94. Def. The Exterior angle of a triangle is the angle in- 
cluded between a side and an adjacent side produced, as A CBD. 

95. Def. The two angles of a triangle which are opposite 
the exterior angle, are called the two opposite interior angles, as 
A A and G. 
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96. Any aide of a triangle is less than the sum of the 
other two sides. 

Since a straight line is the shortest distance between two 

points, 

AC<AB + BC. 

97. Any side of a triangle is greater than the difference 
of the other two sides. 

In the inequality AC<AB-\- BO, 

taJie away A B from each side of the inequality. 

Then AG — AB<BC\ or 

BOAG-AB, 



Ex. 1. Show that the sum of the distances of any point in a 
triangle frpm the vertices of three angles of the triangle is greater 
than half the sum of the sides of the triangle. 

2. Show that the locus of all the points at a given distance 
from a given straight line A B consists of two parallel lines, 

^rawn on opposite sides of A B, and at the given distance 
from it. 

3. Show that the two equal straight lines drawn from a point 
to a straight line make equal acute angles with that line. 

4. Show that, if two angles have their sides perpendicular, 
each to each, they are either equal or supplementary. 
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Proposition XXI. Theorem. 

98. The sum of the three angles of a triangle is equal 
to two right angles, 

B E 



Let ABC be a triangle. 

We are to prove Z. B + Z. B C A + Z -4 = two rt. 4. 

Draw C B W to A B, and prolong A C. 

Then Z BOF-^-Z BOB -{- Z BO A -=- 2 rt. A, § 34 
((he sum of all, the A about a point on the same side of a straight Ivtie 

= 2rt A ). 

But ZA=^ZEOF, § 70 

{f>eing ext.'int. A\ 

zji^ZB = ZBOB, §68 

{being alt. 'int. A). 
Substitute for ZBCFB,iidLZB C^ their equal A, A and B, 
Then Z A-\- Zb\ Z BOA == 2 rt. A 

Q. E. D. 

« 

99. Corollary 1. If the sum of two angles of a triangle be 
known, the third angle can be found by taking this sum from 
two right angles. 

100. Cor. 2. If two triangles have two angles of the one 
equal to two angles of the other, the third angles will be equaL 
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101. Cor. 3. K two right triangles have an acnte angle 
of the one equal to an acute angle of the other, the other acute 
angles will be equal. 

102. Cor. 4. In a triangle there can he but one right angle, 
or one obtuse angle. 

103. CoR. 5. In a right triangle the two acute angles are 
complements of each other. 

104. CoR. 6. In an equiangular triangle, each angle is one 
third of two right angles, or two thirds of one right angle. 



Proposition XXIL Theorem. 



105. The exterior angle of a triangle u equal to the mm 
of the two opposite interior angles. 




Let BCff be an exterior angle of the triangle ABO. 
We are to prove Z B CH = Z A -\r Z B. 

ZBCE+ ZACB=2Tt,A, § 34 

(being stip.-adj. A ). 

ZA + ZB + ZACB = 2Tt.A, § 98 

{three A of a A = two rt. A ). 
.\ZBCff+ZACB-=ZA + ZB + ZACB, Ax. 1. 

Take away from each of these equals the common ZACB; 

then ZBCff==ZA + ZB. 

Q. E. D. 
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Proposition XXIII. Theorem. 

106. Two triangles are equal in all respects when two 
sides and the included angle of the one are equal resjoectively 
to two sides and the included angle of the other. 




B Af 




In the triangles ABC and A' B' C, let A B=^ A[ B', 
A C=A'C',ZA=ZA', 

We are to prove AABC=A A'B'C. 

Take up the A ABC and place it upon the A A' B' G' so 
that A B shall coincide with A^ B', 

Then A C will take the direction of A^ C'y 

{for ZA = ZA',by hyp.\ 

the point C will fall upon the point C", 
(for AG= A' a, by hyp.); 



.\CB-=C' B\ 

{their extremities being the same points). 



§ 18 



.'. the two A coincide, and are equal in all respects. 

Q. E. D. 
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Proposition XXIV. Theorem. 

107. Tioo triangles are equal in all respects when a side 
and two adjacent angles of tJie one are equal respectively to a 
side and two adjacent angles of the other. 

a 





B Ai 

In the triangles ABC and A'B'C, let AB = A* B', 
ZA=ZA',ZB = ZB^. 

We are to prove A ABC = A A^ B' C. 

Take up A ABC and place it upon A A' B' C", so that 
A B shall coincide with A' B'. 

A C will take the direction of A* C*, 
{/or ZA = ZAf,by hyp.) ; 

the point (7, the extremity of A C, will fall upon A' C or 
il' C" produced. 

^ C' will take the direction of B' C'y 
{for Z.B = A B\ by hyp,) ; 

the point C, the extremity of B (7, will fall upon B' C or 
B* C produced. 

.'. the point C, falling upon both the lines A' C and B' C", 
must fall upon a point common to the two lines, namely, C. 

.'. the two A coincide, and are equal in all respects. 

Q. E. D. 
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Proposition XXV. Theorem. 

108. Two triangles are equal when the three aides of the 
one are equal resj^ectively to the three sides of the other. 
B Bi 





In the triangles ABC and A' B' G', let A B^ A' B^ 
AC==A'G', BC=-B'C', 

We are to prove A ABC = A A' B' C. 

Place A A^B' C in the position A B' C, having its greatest, 
side A' C in coincidence with its equal A (7, and its vertex at 
J?', opposite B. 

Draw B B' intersecting AC B.i H, 

Since AB^AB', Hyp. 

point ii is at equal distances from B and B', 

Since BC^B'C, Hyp. 

point C is at equal distances from B and B'» 

.\ AC is Ju to BB' at its middle point, § 60 

(ttoo points aJt tqual distarices from the extremities of a straight line detev' 

mine the ± at the middle of thai line). 

Now \i A AB' Ch^ folded over on AC as an axis until it 
comes into the plane of A ABC, 

ffB'wmMlonffBy 
{for Z A HB = AA HB', each being a H, Z), 

and point B' will fall on B, 
{forHBf = HB). 

•*. the two A coincide, and are equal in all respects. 

Q. E. D. 



TBIANGLBS. 



45 



Propositioi* XXVI. Theorem. 

109. Two right triangles are equal when a side and the 
hypotenuse of the one are equal respectively to a side and the 
hypotenuse of the other. 

A 




C B^ 




In the light triangles ABC and A' B' C, let AB=-A' B*, 
and AC = A' C. 

We art to prove A ABC = l^ A' B' C. 

Take up the A A B.C and place it upon A A' B' C", so that 
A B will coincide with A' B', 

Then ^ (7 will fall upon B' C\ 

(Jw /LABC= /.AfB'C', each being a H. Z.\ 

and point C will fall upon C ; 

otherwise the equal oblique lines A C and A' C would cut 
off unequal distances from the foot of the J_, which is im- 
possible, § 57 
(pwo eqiuil oblique lines from a point in a 1. cut off equal distances from (he 

foot of the 1.), 



•'. the two A coincide, and are equal in all respects. 

Q. E. D. 
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Proposition XXVIL Theorem. 

110. Two right triangles are equal when the hypotenuse 
and an acute angle of the one are equal respectively to the 
hypotenuse and an acute angle of the other, 

A Af 





In the right triangles ABC and A' B' C\ let AC ^ A' C, 
and AA = AA'. 



We are to prove A.ABC^AA'B C. 

AC^A'C, 
Z.A^Z.A\ 



Hyp. 
Hyj). 



then ZC = Z.C', § 101 

{if two rt. A have an aciUe Z of the one tqtuH to am. a/euU Z of th& other, 

then the other acute A are eqvAiT), 

.\AABC = AA'B'C', § 107 

(tioo A are equal when a side and two adj. A of the one are equal 



respectively to a side and two adj. A of the other). 



Q. E. D. 



111. Corollary. Two right triangles are equal when a 
side and an acute angle of the one are equal respectively to an 
homologous side and acute angle of the other. 



TRIANGLES. 
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Proposition XXYIII. Theorem. 

112. In an isosceles triangle the angles opposite the 
equal sides are equal. 




E 

Let ABC be an isosceles triangle, having the sides 
A C and C B equal. 

We are to prove Z. A= Z. B, 

From C draw the straight line C B so as to bisect tlie 
ZACB. 

Jnthe A ACE Bind B C E, 

AC=BG, Hyp. 

CE^CE, Iden. 

' ZACE=^ZBCE', Cons. 

.\AACE = ABCE, §106 

(ttoo ^ are equal when two sides and the included Z. of the one are equal 
respectively to two sides and the included Z of the other). 



.\ZA=ZB, 

(being h>omologous A of equal A ). 



Q. E. D. 



Ex. If the equal sides of an isosceles triangle be produced, 
show that the angles formed with the base by the sides produced 
are equal. 
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Proposition XXIX. Thborem. 

113. A straight line which bisects the angle at the vertex 
af an isosceles triangle divides the triangle into two equal 
triangles i is perpendicular to the base, and bisects the base. 

C 




Let the line C E bisect the Z ACB of the isosceles 
AACB. 

We are to pr(yve I. AACE= ABCE; 

11. Hn€CE±toAB; 
ni. AE = BE. 



I. JuiheAAGEandBCE, 

AC^BC, 

CE=^CE, 

ZAGE^ZBCE. 



Hyp. 
Iden. 
Cons. 



.\AAOE = ABGE, §106 

(hcmng two aides and the iiicluded Z. of the one equal respeditdy to two sides 

and the included /.of the other). 

Also, XL Z CEA = Z C E B, 

(being Tunnologous A of equal ^ ). 

.\GEi&A.to AB, 

(a straight lime meeting another, Tnaking the adjacefU A equals is A. to 

that line). 

Also, nL AE^EB, 

(being homologous sides of equaZ ^ ). 

Q. E. D. 



TBIAN6LBS. 
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Proposition XXX. Theorem. 

114. If two angles of a triangle be equal, the sides op- 
posite the eqjial angles are equal, and the triangle is isosceles. 




In the triangle ABC, let the ZB = ZC. 
We are to prove AB=^AC. 

BiSLW AD±toBC. 
In thert, A ABB and ABC, 

AB = AB, 



Iden. 



ZB = ZC, 

.-. Tt,AABB = Tt.AABCy § 111 

{having a side and an acute Z of the otic equal respectively to a side and an 

aciUe /.of the other), 

.\AB=^AC, 

{being homologo^us sides of equal ^). 

Q. E. D. 



Ex. Show that an equiangtdar triangle is edso equilateral 
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Proposition XXXI. Theorem. 

115. If two triangles have two sides of the one equal 
respectively to two sides of the other, but the included angle 
of the first greater than the included angle of the second, then 
the third side of the first will be greater t/ian the third side 
of the second. 

BE B 




Jn the A ABC and ABE, let AB==AB, BC^^BE; 
but Z. ABO Z ABE. 

We are to prove A O A E, 

Place the A so that AB oi the one shall coincide with AB 

of the other. 

Draw ^ -F so as to bisect Z. EBC. 

Draw EF. 

lni\iQAEBFQ,jA CBF 

EB^BC, Hyp. 

BF = BF, Iden. 

Z EBF=ZCBF, Cons. 

.-. the A ^5 i^ and (7 ^ i^ are equal, § 106 

{Juiving two sides and the included Z of one equal respectively to tvoo sides 

and the included Z of the other), 

.\EF=FC, 

{being homologous sides of equal A ). 

l^ow AF-\- FE> AE, § 96 

{fke s\vm, of two sides of a His greater than the third side). 

Substitute for FE its equal FC, Then 

AF-V FC> AE', or, 

AOAE, 

Q. E. D. 



■^ 



TBIAKGLES. 61 



Proposition XXXII. Theorem. 

116. Conversely: If two sides of a triangle be equal 
respectively/ to two sides of another, but the third side of the 
first triangle be greater than tlie third side of the second, then 
the angle opposite the third side of the first triangle is greater 
than the angle opposite the third side of the second. 





In the AABCandA'B'O, let AB=^ A' B\ AC ^ A' C , 
but BOB' C. 

We are to prove A A'> A A*, 

If AA^Z. A', 

then would l^ ABC-=^ t^ A' B' C, §106 

Quiving two aides and the included /. of the one equal respectively to ttoo sides 

and the included ^ of the other), 

and BC = B'C', 

(being homologous sides of equal ^ ). 

And if A< A', 

then would BC<B'C', § 115 

{if tuH) sides of a Abe equal respectively to two sides of another A, but the 
included Z of the first be greater than the indvded Z of the second^ the 
third side of the first will be greater than the third side of the second.) 

But both these conclusions are contrary to the hypothesis; 
.'. Z. A does not equal Z A', and is not less than Z A\ 

.'.ZA>Z A'. 

Q. E. D 
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Proposition XXXIII. Theorem. 

117. Of two aides of a triangle y that is the greater 
which is opposite the greater angle. 




In the triangle ABC let angle AGB be greater than 
angle B. 

We are to prove AB^ AC. 

' Draw CE so as to make Z B CE = Z -ff . 

Then " EC = EB^ §114 

{being sides opposite equal A ). 

Now AE-^- EOAC, §96 

{five sum of two sides of a A is greater than the third side). 

Substitute for E C its equal E B, Then 

AE+ EB> AC, OT 

AB>AC, 

Q. E. D. 



Ex. ABC and A B D are two triangles on the same base 
A By and on the same side of it, the vertex of each triangle 
being without the other. Hl AC equal A D, show that B G 
cannot equal B D, 









Propobitios XXXIT. Theobeu. 

118. Of two aiglet of a triangle, that' is the greater 
which is oppotite the greater side. 




In the tiiangle ABC let A B be greater than A C. 
Weareloprave Z. ACB>Z B. 

Take A E equal to J C ; 
Drawee. 

ZAEC = ZACE, § 112 

{being A oppoHU equal suka). 

Bat ZASOZB, 5 105 

(on octeruT ^ of a A w greater IMn either opposite im 

and ZACB>ZACE. 

Substitute (oi Z ACE its equal ZABC, 
ZACB>ZAEC. 
Much more is Z ACB> Z B. 



Ex. If the angles ABC and ACB, at the base of an 
isosceles triangle, be bisected by the straight lines BD, CD, 
show that JOBC will be an isoscdes triangle. 
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PROPoaiTioN XXXV. Thboreu. 
119, The three biaeciora of the three angles of a triangle 
meet in a point. 




Let the two bisectors ot the angles A and C meet 
at 0, and OB be drawn. 
We are to prove B bisects the Z. B. 

Draw the Jl 0^, OP, and Off. 
In the rt. A OCK&nd OOP, 

00 = 00, Idea 

ZOCK = ZOCP, Cons. 

.-.A OCIi: = AOOP, § 110 

^avmg the hypoUntae and an acute A of the one equal ragiecHvely to the 

hj/potenuse and an acute Z o/t/ie olJieT). 

.■.OP=-OK, 

(fiomologous sides of equal A). 

iTt-AOAPoJldOAff, 

OA = OA, Iden. 

Z0AP = Z0A3, Cons. 

.•.AOAP = A0Aff, 5110 

{having Jfe hypotenuse and an acute Z of the one equal re^pectieely to the 

hypolenux and an aaUe Zof Ute other). 

.■.0P=OH, 

(being Timnologous sides of equal & ). 

Bnt we have already shown P •^ K, 

.■.OH=OK, A3C 1 

Now in rt. A 03 B and KB 
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OH=OK, and OB = OB, 

.\AOHB = AOKB, §109 

(Tuiving the hypotenuse and a side of the one equal respectively to the hypote- 

nuse and a side of the other), 

.\ZOBH = ZOBE, 

(being homologous A of equal ^ ). 

Q. E. D. 

Proposition XXXVI. Theorem. 

120. The three perpendiculars erected at the middle 
points of the three sides of a triangle meet in a point. 

A 




Let DD*, E E'^ F F', be three perpendiculars erected 
at 2), E, F, the middle points of AB,A (7, and B G. 

We are to prove they meet in some pointy as 0, 

The two Jl D ly and E E' meet, otherwise they would be 
parallel, and A B and A .0, being J§ to these lines from the same 
point Ay would be in the same straight line ; 

but this is impossible, since they are sides of a A. 

Let be the point at which they meet. 

Then, since is in i> Z>', which is -L to ii -ff at its middle 
point, it is equally distant from A and B, § 59 

Also, since is in -^-^', J_ to J. (7 at its middle point, it is 
egually distant from A and C. 

.*. is equally distant from B and C ; 

.-. is in FF ± to -g (7 at its middle point, § 59 

(fhe locus of all points equally distant from the extremities of a straight line 

is the 1. erected at the middle of that line), 

Q. E. D. 
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Proposition X X XYIL Theorem. 

121^ The three perpendiculars from the vertices of a tri- 
angle to the opposite sides meet in a point. 

Bf 




In the triangle ABC, let B P, AH, C K, he the per- 

pendicnlars from the vertices to the opposite 
sides. 

We are to prove they meet in some point, as 0. 

Through the vertices A, B, 0, draw 

A'F II io BO, 
A*C' II toil (7, 
B'C II ioAB. 



In the A A BA' and ABO, we have 

AB=-AB, 

ZABA' = ZBAO, 

(being aUemate interior A ), 

ZBAA' = ZABC. 



Iden. 
§ 68 

§68 



.\AABA' = AABCy § 107 

(fuimng a sicU and two adj. A of (he one equal respectively to a side anet 

two adj, A of the other). 

.\A'B = AC, 
{being homologous sides of egtial A ). 
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Inihe A CBCaLud ABC, 

BG = BC, Iden. 

ZCBC' = ZBCA, §08 

{being cUtemcUe interior A ). 
Z.BCG' = ZCBA. §68 

.'.ACBC'==AABC, § 107 

(having a side and ttoo adj. A of the one equal respectively to a side and two 

adj. A o/ihe other). 

.'.BC' = AC, 

{being homologous sides of equal ^). 

But we have already shown A' B = AC, 

.\A'B-=BC'y Ax. 1. 

.•• B is the middle point of A' C. 

Since B P is 1. to AC, Hyp. 

it is ± to A' C\ § 67 

(a straight line which is J- to one of two \\s is 1. to the otJier also). 

But B is the middle point of A^ C ; 

.'. ^P is J- to ^' C at its middle point. 

In like manner we may prove that 

-4 ZT is J- to -4' j5' at its middle point, 

and C K JLio B' C^ at its middle point. 

.'. B Pf Aff, and C K b,tg J^ erected at the middle points 
of the sides of the A A' B' C\ 

.'. these Js meet in a point. § 120 

{th^ three JS erected at the middle points of tJie sides of a A meet in a point). 

Q. E. D. 
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On Quadrilaterals. 

122. Def. a Quadrilateral is a plane figure bounded by 
four straigbt lines. 

123. Def. A Trapezium is a quadrilateral which has no 
two sides parallel. 

124. Def. A Trapezoid is a quadrilateral which has two 
sides parallel. 

125. Def. A Parallelogram is a quadrilateral which has 
its opposite sides parallel. 





TRAPEZIUM. 



TRAPCZOIO. 



PARALLELOORAM. 



126. Def. A Rectangle is a parallelogram which has its 
angles right angles. 

127. Def. A Square is a parallelogram which has its 
angles right angles, and its sides equal 

128. Def. A RhomhiLs is a parallelogram which has its 
sides equal, but its angles oblique angles. • 

129. Def. A Rhomhorld is a parallelogram which has its 
angles oblique angles. 

The figure marked parallelogram is also a rhomboid. 



RECTANGLE. 



SQUARE. 



ttHOMBUS. 



TBIANGLBS. 
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Proposition XXX. Theorem. 

114. If two angles of a triangle he equal y the sides op- 
posite the eqiial angles are equal, and the triangle is isosceles. 




In the Mangle ABC, let the Z. B = /.C. 
We are to prove AB = AC, 

Diaw AD ±to BC. 
In the rt. A ^ i>^ and AJ)C, 

AI)==AI), 



Iden. 



ZB = ZC, 

.'. Tt. A AD B = It. A ADC, §111 

(hcmng a side and an acute Z of the one eqtuU respectively to a side and an 

acute Z. of the other). 

.\AB=-AC, 

{being homologous sides of equal ^). 

Q. E. D. 



Ex. Show that an equiangular triangle is also equilateral 
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Proposition XXXIX. Theorem. 

134. In a parallelogram the opposite sides are equals 
and the opposite angles are equal. 




..-' 



A E 

Let the tiguxe ABC E be a pai&UelogrsLm. 

We are to pr<yve BC^ AE, and AB=^ EC, 

also, /LB=^A E,andZ.BAE=^Z. BCE, 

Draw A C. 

AABC = AAEC, §133 

{ike dtagoTuU ofaCJ divides the figure into two equal A ). 

.\BC==AE, 

and AB^CE, 

(being homologoiis sides of equal ^ ). 

ZB = ZE, 

(being homologous A of equal ^ ). 

ZBAC^ZACE, . 
and ZEAC^ZACB, 

Qteing homologous A ofequcd ^). 
Add these last two equalities, and we liave 

ZBA(f'^ Z EAG-=-ZACE-¥ ZACB\ 
or, ZBAE^ZBCE. 

Q. E. D. 

135. Corollary. Parallel lines comprehended between par- 
allel lines are equaL 
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Proposition XL. Theorem. 

136. If a quadrilateral have two sides equal and par " 
allel, then the other two aides are equal and parallel, and the 
figure is a parallelogram. 




---• 




het the Hgure ABCE be a qnadxilateral, having the 
side A E equal and parallel to BC, 

We are to prove A B eqtial and II to E C, 



Draw A 0. 




Juihe^ A A B C B.ndi A E C 




BC-AE, 


Hyp. 


AC -AC, 


Iden. 


ZBCA=Z CAE, 


§63 


(being cUt 'int. A). 





.\AABC = AACE, § 1C6 

^JMwing two sides and the included Z. of the one equal respedively to two sides 

and the included Z of the other). 

.\AB = EC, 

(being homologous sides of equM ^ ). 

Also, ZBAC = ZACE, 

(being homologous A of equal ^ ) ; 

.-.^^is II to EC, §69 

(yohen two straight lines are cviby a third straight line, if the alt.-dnt. A be 

equal the lines are parallel). 

.-. the figure ABCEissillJ, § 125 

(the opposite sides being parallel). 

Q. E. D. 
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Proposition XLL Theorem. 

137. If in a quadrilateral the opposite sides be equal, the 
figure is a parallelogram. 





Let the tignre A B G E be sl qnadzilaterAl having 
BC^AH and AB = BC, 

We are to prove figure ABC H a O. 

. Draw A C, 
InthQ A ABO And A UC 

BO = AE, Hyp. 

AB = CE, Hyp. 

AC=-ACy Iden. 

.\AABC = AAECy §108 

(Juwing three sides of the one eqiuU respectively to three sides of the other). 

.\ZACB = Z CAE, 

and ABAC^AACE, 

(being hovnologous A qf equal ^ ). 

.'.BGia II toAE, 

and A Bis II to EC, §69 

(when two straight lines lying in the same plane are eiU by a third straight 
line, if the alt.-iiU, A be equal, the lines are parallel). 

.'.thefigMTe ABC EiQhCJ, §125 

(having its opposite sides parallel). 

%ta K« U> 



QUADRILATERALS. 
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Proposition XLIL Theorem. 
138. The diagonals 0/ a parallelogram bisect each other. 

B C 




Let the figure ABC E be a pa,Ta,llelogTa,m, and let 
the diagonals AC and BE cut each other at 0. 

We are to prove AO = OCf and B ^= E. 

Jnthe A AGE SLudBOC 

AE=BC, §134 

(being opposite sides of a CD \ 

/LOAE==ZOCB, ^icA 

(being alt, -int. A), 

ZOEA=-Z OBC; §68 

.\AAOE=ABOC, § 107 

(having a side cmd two adj. A of the one equal respectively to a side and two 

adj. A of the other). 



anil 



.\AO==OC, 

BO = OE. 
(being homologous sides of equal ^ ). 



Q. E. D. 
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Proposition XLIII. Theorem. 

139. The diagonals of a rhomJbm bisect each other at 

right angles. 

A E 




Let the figure A B C E be a rhombus, having the 
diagonals A C and BE bisecting each other at 0, 

We are to prove /. AO E atid Z. AOB rt. A, 

In the A ^ ^ and A OB, 

AE = AB, §128 

(being sides of a rJiomhus) ; 

OE=OB, §138 

(tJie diagonals ofaEJ bisect eacfi otJier) ; 

AO = AO, Iden. 

.\AAOE=-AAOB, §108 

(having three sides of the (me equal respectively to three sides of the other) ; 

.\/.AOE=-ZAOB, 

(being homologous A of equal A) ; 

.*. Z.AOEeiXidZ A OB are rt. A. § 25 

( When one straight line meets another straight line so as to make the adj. A 

equal, each Z is a rt, Z), 

Q. E. D. 
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Proposition XLIV. Theorem. 

140. Two parallelograms, having two sides and the in^ 
eluded^ angle of the one equal respectively to two sides and the 
included angle of the other, are equal in all respects. 

B C B a 



A DA' Df . 

In the paTaUelograms A B C D and A' B C D\ le 
AB = A'B', AD^ A'D', and Z A = Z A'. 

We are to prove that the fU are equal. 

Apply EJ A BCD to O A' B' CD', so that ^ 2> wiU fall 
on and coincide with A' D', 

Then A B will fall on A' B', 
{for Za = Z. A't by hyp.), 

and the point B will fall on B', 
{/or AB = A' B\ hy hyp.). 

I^ow, BC and B* C are both .11 to A' D' and are drawn 
through point B'y 

.'. the lines B C and B' C coincide, § 66 

and C falls on B' C or B' C produced. 

In like manner- Z> C and D' C are II to -4' -S' and are drawn 
through the point D'. 

.\DC and D' C coincide ; § 63 

.'. the point O fells on B' C, or D' C produced ; 

.-. C falls o»both B' C and ly C \ 

•". (7 must fall on a point common to hoth, namely, C. 

.". the two [U coincide, and are equal in all respects. 

. Q. E. D. 

141. Corollary. Two rectangles having tlie same base aiul 
altitvde are equal; for they may be applied to each other and 
will coincide. 



y 



1 
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Proposition XLY. Theorem. 



142. The straight line which connects the middle points 
of the non-parallel sides of a trapezoid is parallel to tJie par- 
allel sides, and is equal to half their sum. 



F E 





a H 



Let SO be the straight line Joining the middle points 
of the non-parallel sides of the trapezoid ABGE, 

We are to prove SO II to A E and EC \ 
also SO = i(AE+EC), . 

Through the point draw FII II to A B, 

and produce E C to meet FO H dX H, 

Jnthe A FOE and CO II 

OE=OCy Cons. 

ZOEF=ZOCffy §68 

(being alt-mt. A ), 

ZFOE = ZGOEr, §49 

{being vertical A ). 

,\AFOE = ACOff, §107 

{having a side and two adj. A of the one equal respectively to a side and two 

adj\ A of the other). 
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and OF-^OHy 

(being homologous aides of equal ^ ). 

Kow FH-=AB, § 135 

( II lines comprehended hettoeen II lines are equal) ; 

.\FO = AS. Ax.l, 

.-. the figure AFOSha^O, § 136" 

(Jiaving tioo opposite sides equal and parallel), 

« 

.'.SOia II to AF, §125 

(being opposite sides of a CJ), 

^0 is also II io BC, 
(a straight line II to one of two II lines is II to the other also). 

Now SO = AF, §125 

(being opposite sides of a CJ), 

and SO = Bir. §125 

But AF=AE— FE, 

and. Bn-=BC-^CH. 

Substitute for ul ^ and BH their equals, ^ J^ -- ^ J^ and 
BC-\- CH, 

and.add, observing that CH= FE] 
then 2S0 = AE+ BC. 

* 

.\SO = \(AE+ BC). 

Q. E. D. 
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On Polygons in General. 

143. Def. a Polygon is a plane figure bounded by straight 
lines. 

144. Def. The bounding lines are the sides of the polygon, 
and their sum, as AB + BG-^ CD, etc., is the Perimeter of 
the polygon. 

The angles which the adjacent sides mak« with each other 
are the angles of the polygon. 

145. Def. A Diagonal of a polygon is a line joining the 
vertices of two angles not adjacent. 

B B' 






E El 

146. Def. An Equilateral polygon is one which has all its 
sides equal. 

147. Def. An Equiangular polygon is one which has all 
its angles equal. • 

148. Def. A Convex polygon is one of which no side, 
when produced, will enter the surface bounded by the perimeter. 

149. Def. Each angle of such a polygon is called a Salient 
angle, and is less than two right angles. 

150. Def. A Concave polygon is one of which two or more 
sides, when produced, will enter the surface bounded by the 
perimeter. 

151. Def. The angle F D E \a called a Re-entrant angle. 
When the term polygon is used, a convex polygon is meant. 
The number of sides of a polygon is evidently equal to the 

number of its angles. 

By drawing diagonals from any vertex of a polygon, the fig- 
ure may be divided into as many triangles as it has sides less two. 
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152. Def. Two polygons are Equcd^ when they can be 
divided by diagonals into the same number of triangles, equal 
each to each, and similarly placed; for the polygons can be 
applied to each other, and the corresponding triangles will evi- 
dently coincide. Therefore the polygons will coincide, and be 
equal in all respects. 

153. Dep. Two polygons are Mutually Equiangular^ if the 
angles of the one be equal to the angles of the other, each to 
each, when taken in the same order; as the polygons ABODE Fy 
and A' B' C J^ W F, in which AA=AA', Z.B = AB', 
Z.C = /.C', etc. 

154. Def. The equal angles in mutually equiangular poly- 
gons are called Homologous angles; and the sides which lie 
between equal angles are called Homologo%i% sides. 

155. Dep. Two polygons are Mutually Equilateral^ if the 
sides of the one be equal to the sides of the other, each to each, 
when taken in the same order. 





Fig. L Fig. 2. Pig. 8. Fig. 4. 

Two polygons may be mutually equiangular without being 
mutually equilateral ; as Figs. 1 and 2. 

And, excejit in ike case of triangles, two polygons may be 
mutually equilateral without being mutually equiangular; as 
Figs. 3 and 4. 

If two polygons be mutually equilateral and equiangular, 
they are eqital, for they may be applied the one to the other so 
as to coincide. 

156. Def.. A polygon of three sides is a Trigon or Tri- 
angle ; one of four sides is a Tetragon or Quadrilateral ; one of 
five sides is a Pentagon; one of six sides is a Hexagon; one of 
seven sides is a Heptagon ; one of eight sides is an Octagon ; one 
of tpij\ sides is a T>eca/t<m ; one of twelve sides is a Dodecagon. 
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Proposition XLVL Theorem. 

157. The sum of the interior angles of a polygon is 
equal to two right angles, taken as many times less two as 
the figure has sides. 




Let the figure ABGDEF be a polygon having n sides. 

We are to prove 

ZA-^ZB+ZC, etc., = 2 r«. .4 (» — 2). 

From the vertex A draw the diagonals AC, A D, and A E. 

The sum of the A of the A = the sum of the angles of the 
polygon. 



Now there are (n — 2) A, 
and the sum of the A of each A =* 2 rt. ^. 



§98 



.". the sum of the A of the A, that is, the sum of the A of 

the polygon ~ 2 rt. ^ (?i — 2). 

Q. E. o. 

158. Corollary. The sum of the angles of a quadrilateral 
equals two right angles taken (4 — 2) times, i. e. equals 4 right 
angles ; and if the angles be all equal, each angle is a right 
angle. In general, each angle of an equiangular polygon of n 

2 (ff 2^ 

sides is equal to — AJ 1 right angles. 

n 
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Proposition XLYII. Theorem. 

159. The exterior angles of a polygon y made by produ- 
cing 0ach of its sides in succession, are together equal to Jour 
right angles. 




Let the tignre ABCDE be a polygon, having its sides 
produced in succession. 

We are to prove the sum of the ext. A=' ^ rt, A. 

Denote the int. A of the polygon hj A,B,C,D,£; 

and the ext. A by a, h, c, <7, e. 

ZA + Za==2Tt.A, § 34 

{being sup. -adj. A ). 

ZB'^Zb = 2Tt. A. § 34 

In like manner each pair of adj. A = 2 Tt. A; 

.*. the sum of the interior and exterior ^ = 2 rt. ^ taken 
aa many times as the figure has sides, 

or, 2 nrt. A. 

But tie interior A = 2 it. A taken as many times as the 
figure has sides less two, — 2 rt. ^ (7* — 2), 

or, 2 71 rt. ^ — 4 rt. ^. 

.*. the exterior A = 4c vt. A. 

Q. E. D. 
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Exercises. 

1. Show that the sum of the interior angles of a hexagon is 
equal to eight right angles. 

2. Show that each angle of an equiangular pentagon is f of 
a right angle. 

3. How many sides has an equiangular polygon, four of 
whose angles are together equal to seven right angles? 

4. How many sides has the polygon the sum of whose in- 
terior angles is equal to the sum of its exterior angles 1 

y- 5. How many sides has the polygon the sum of whose in- 
terior angles is douhle that of its exterior angles ? 

6. How many sides has the polygon the sum of whose 
exterior angles is double that of its interior angles 1 

7. Every point in the bisector of an angle is equally distant 
from the sides of the angle ; and every point not in the bisector, 
but within the angle, is unequally distant from the sides of the 
angle. 

8. j5 il (7 is a triangle having the angle B double the angle 
A, li B D bisect the angle B^ and meet AC in J), show that 
B D 18 equal to AD, * 

/- 9. If a straight line drawn parallel to the base of a triangle 
bisect one of the sides, show that it bisects the other also ; and 
that the portion of it intercepted between the two sides is equal 
to one half the base. 

10. ABC J) is B. parallelogram, JE^ and F the middle points 
of AD and B C respectively ; show that B E and D F will 
trisect the diagonal A (7. 

11. If from any point in the base of an isosceles triangle 
parallels to the equal sides be drawn, show that a parallelogram 
is formed whose perimeter is equal to the sum of the equal 
sides of the triangle. 

12. If from the diagonal B D oi a square A BCD, BFhe 
* cut off equal to BC, and ^^ be drawn perpendicular to B D, 

show that D F is equal to F F, and also to FC, 

13. Show that the three lines drawn from the vertices of a 
triangle to the middle points of the opposite sides meet in a 
point. 
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DBFINiTIONS. 

160. Dep. a Circle is a plane figure bounded by a curved 
line, all the points of which are equally .distant from a point 
within called the Centre. 

161. Dep. The Cinmrnference of a circle is the line which 
bounds the circle. 

162. Dep. A Radius of a circle is any straight line drawn 
from the centre to the circumference, q& Aj Fig. 1. 

163. Dep. A Diameter of a circle is any straight line pass- 
ing through the centre and having its extremities in tlie circum- 
ference, as ^ ^, Fig. 2. 

By the definition of a circle, all its radii are equal. Hence, 
all its diameters are equal, since the diameter is equal to twice 
the radius. 






Pig. 1. 

164. Dep. An Arc of a circle is any portion of the circum- 
ference, as A MB, Fig. 3. 

165. Dep. A Semi-eircvmference is an arc equal to one 
half the circumference, SkS AMB, Fig. 2. 

166. Dep. A Chord of a circle is any straight line having 
its extremities in the circumference, as A B, Fig. 3. 

Every chord subtends two arcs whose sum is the cir- 
cumference. Thus the chord A B, (Fig. 3), subtends the arc 
AMR and the arc AD B. Whenever a chord and its arc are 
spoken of, the less arc is meant unless it be otherwise stated. 
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Proposition XLTII. Theorem. 

139. The diagonals of a rhombus bisect each other at 

right angles. 

A E 




Let the figure A B C E be a rhombus, having the 
diagonals A C and BE bisecting each other at 0, 

We are to prove Z. AO E and A AOB rt. A, 

In the A il ^ and ^ 0^, 

AE = AB, §128 

(pdng sides of a rhovnJbfUs) ; 

OE=OB, §138 

{the diagoTuUs of a CD bisect eacfi Mer) ; 

AO=^AO, Iden. 

.\AAOE===AAOB, §108 

(Jiaving three sides of the one equal respectively to three sides of the other) ; 

,\ZAOE = ZAOB, 

{being homologous A qfeqwd A) ; 

.-. Z.^ Oi^ and Z A OB are rt. A. § 25 

( When one straight live meets another straight line so as to make the adj. A 

equal, each Z is a rt. Z). 

Q. E. D. 
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175. Dbf. Eqital circles atb circles which have equal radii. 
For if one circle be applied to the other go that their centres 
coincide their circumferences will coincide, since all the points 
of both are at the same distance from the centre. 

176. Every diameter bisects the circle 
and its circumference. For if we fold over 
the segment A MB on A B ss aa axis until 
it comes into the plane of A FB, the arc 
AMB will coincide with the arc AFB; 
because every point in each is equally dis- 
tant from the centre 0. 




Proposition I. Theorem. 

177. TAe diameter of a circle is greater than any other 
chord. 

Let AB be the diameter of the circle 
A MB, and A E any other chord. 

We are to prove A B '> A E. 

From C, the centre of the O, draw C E. 
CE=GB, 
(being radii of the same circle). 

But AC+ CE>AE, § 96 

{the sum of two sides of a l^Xhe third side). 

Substitute for C E, in the above inequality, its equal CB. 
Then AC -{■ G B> A E, oy 




AB>AE. 



Q. E. D. 
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Proposition II. Theorem. 



/ 



178. A straight line cannot intersect the circumference 
of a circle in more than two points. 




Let HK be a,ny line cutting the circumference A MP. 

. We are to prove that UK can intersect the circumference 
in only tvm points. 

If it be possible, let H K intersect the circumference in three 
points, -fir, jP, and K. 

From 0, the centre of the O, draw the radii OH, Pj 
and K. 



Then 



OH, QP, and O^are equal, 
(being radii of the same circle). 



§163 



.'.if UK could intersect the circumference in three points, 
we should have three equal straight lines II, OP, and K 
drawn from the same point to a given straight line, which is 

impossible, § 56 

(oTi/y two eqxml straigJU lines can he drawn from a point to a straight line). 

.'.a straight line can intersect the circumference in only 
two points. 

Q. E. D. 
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Proposition III. Theorem. 

179. In the same circle , or equal circles, equal angles 
at the centre intercept equal arcs on the circumference. 





P P 

In the equal circles ABP and A'B'F let ZO=ZO'. 

We are. to prove arc RS = arc R' S', 

Apply O ABP to O A'BT, 

so that Z shall coincide with Z (y. 

The point B, will fall upon E'y § 176 

(fw 0R= OlRf, being radii of equal ©), 

and the point S will fall upon S', § 176 

. . (for 0S= 0' S^, being radii ofeqv-al (D). 

Then the arc R S must coincide with the arc R'S', 
For, otherwise, there would be some points in the circumference 
unequally distant from the centre, which is contrary to the 
definition of a circle. § 160 

Q. E. D. 
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Proposition IV. Theorem. 

180. Conversely : In the same circle, or equal cirtlesy 
equal arcs subtend equal angles at the centre. 





In the equal circles ABP and A' B' F let arc ES 

= arc R' S\ 

Wearetoprove Z BOS=Z R' 0' S\ 

Apply O ^ ^P to O A'BP', 

so that the radius R shall fall upon (y Rf, 

Then S, the extremity of arc JRS, 

will fall upon S\ the extremity of arc R' S', 
(for E S = Ef S^, by hyp.), 

.'.OS will coincide with 0' S', § 18 

{tJieir extremities being the same paitits). 

.'. Z ROS will coincide with, and he equal to, Z R' 0' S\ 

Q. E. D. 
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Pboposition V. Theobeh. 

181. In the same circle, or equal circles, equal arcs are 
subtended by equal chords. 





In the equal eircles ABP and A' B* F let arc ES 
= arc BS'. 

We are to prove chord BS = chord E* S^, 

Draw the radii E, S, O* R, and 0' S'. 

IniYiQ A EO S B,ndL Ef (y S" 

OE=0'E\ §176 

{beirig radii of equal ©), 

OSLO'S', §176 

ZO = Z.O\ § 180 

{equal arcs in equal CD subtend equal A at the centre), 

.'.AEOS^AE'O'S', §106 

(tuHi sides and the included /.of the one being equal respectively to tujo sides 

and the included Z of the other}* 

.'. chord ES= chord E' S', 
(peing homologous sides qf equal ^ ). 

Q. E. D. 
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Proposition YI. Theorem. 



182. Conversely : In the mme circle^ or equal circles^ 
equal chords subtend equal arcs. 





In the equal circles ABP and A* B' P', let chord RS 
=- chord R*S', 

We are to prove arc R S = arc R' S', 

Draw the radii R, S, 0' R*, and 0' S*. 

In the AROS and R' 0' S' 

RS = R'S*, Hyp. 

OR=0'R', §176 

{being radii of eqtial ®), 

OSLO'S') §176 

.'.AROS = AR'0'S', §108 

(three sides of the one being equal to three sides of (he other), 

{being homologous A of equal ^). 

.\^icRS^2LrQR'S', § 179 

{in the same 0, or equal ®, eqv^l A at the centre intercept equal arcs on ths 

circumference), 

'' Q. E. D. 
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Proposition VII. Theorem. 

183. The radhis perpendicular to a chord bisects the 
chord and the arc subtended by it. 




s 

Let AB be the chord, and let the radius CS be per- 
pendicular to A B at the point M, 

We are to prove AM= BM, aiid arc A S-= arc B S. 

Draw CA and OB, . 
CA = CB, 

(being radii of the sanie 0) ; 

> ,'. A AC B ia isosceles, § 84 

(tJie opposite sides being eqiuil) ; 

.-. ± (7 aS' bisects the base A B and the Z 0, § 113 
{the JL drawn froTn the vertex to the base of an isosceles A bisects the base and 

the Z. at the vertex). 

.\AM=BM. 

Also, mnce Z AC S = ZBCS, 

QIC A S = arc SB, §179 

(equal A at ths centre intercept eqiuil arcs on the circumference), 

Q. E. D. 

184. Corollary. The perpendicular erected at the middle 
of a chord passes through the centre of the circle, and bisects 
the arc of the chord. 
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Proposition YIIL Theorem. 

185. In the same circle, or equal circles, equal chords 
are equally distant from the centre ; and of two unequal 
chords the less is at the greater distance from the centre. 




F 
E 

In the circle AB EC let the chord A B equal the chord 
OF, and the chord C E be less than the chord OF. 
Let OP, OH, and OK be Js drawn to these chords 
from the centre 0. 

Wearetoprwe P= H, and H < K. 

Join A and C. 
Inthert. A ^6>P and COH 

OA^OG, 

(Jkifig radii of the same O) ; 

AP=CH, § 183 

(being halves of eqvXd chords) ; 

.\AAOF = ACOH. §100 

.\OF=Oir, 
Again, since CU< CF, 

^\ki^ACOE<COF, §116 

and the arc CE<, the arc CF. 

.'.J- O^will intersect CF in some point, as m. 

Now OK>Om. Ax. 8 

But Om>0H, §52 

(a ± 18 the shortest distance from a point to a straight line). 

.'.much more is 0-ff'> OIT, 

Q. "I?. T>. 
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V Proposition IX. Theorem. 

186. A straight line perpendicular to a radius at its 
extremity is a tangent to the circle. 




Let BA he the radius, and MO the straight line 
perpendicular to BA at A. 

We are to prove M tangent to the circle. 

Froni B draw any^other line to MO, as B Off. 

BH>BA, §52 

(a ± TMCLsv/rcs Ihe shortest distance from a point to a straight line). 

.'. point ffiQ without the circumference. 
But BIT is any other line than BA, 

.*. everg point of the line MO is without the circumference, 

except A. 

.'. MO is a. tangent to the circle at A, § 171 

Q. E. D. 

187. Corollary. When a straight line is tangent to a 
circle, it is perpendicular to the radius drawn to the point of 
contact, and therefore a perpendicular to a tangent at the point 
of contact passes through the centre of the circle. 
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Proposition X. Theorem. 

188. JF/ien two circumferences intersect each other y the 
line which joins their centres is perpendicular to their common 
clwrd at its middle point. 




Let C and (f he the Qentres of two circumferences 
which intersect at A and B. Let A B be their 
common chord, and G C Join their centres. 

We are to prove C C JLto AB at its middle point, 

A J_ drawn through the middle of tlie chord A B passes 
through the centres C and C", ' § 184 

(a JL erected at the middle of a chord passes through the centre of the O). 

.'. the line C C\ having two points in common with this -L, 
must coincide with it. 

.'. C C^ is 1. to A B at its middle point. 

Q. E. D. 



Ex. 1. Show that, of all straight lines drawn from a point 
without a circle to the circumference, the least is that which, 
when produced, pfisses through the centre. 

Ex. 2. Show that, of all straight lines drawn from a point 
within or without a circle to the circumference, the greatest is 
that which meets the circumference after passing through the 
centre. 
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Proposition XI. Theorem. 

189. When two circumferences are tangent to each other 
their point of contact is in the straight line joining their 
centres. 




Let the two circumferences, whose centres are C and 

C'y touch each other at 0, in the straight line A By 

a^d let GC be the straight line Joining their cen- 
tres. 

We are to prove is in the straight line C C. 

A J. to -4 i?, drawn through the point 0, passes through the 
centres C and C, § 187 

(a JL to a tangent at the point of contact passes through the centre of the O). 

.*. the line C (7, having two points in common with this J_, 
must coincide with it. 



'. is in the straight line C C 



Q. E. D. 



Ex. ABj SL chord of a circle, is the hase of an isosceles 
triangle whose vertex C is without the circle, and whose equal 
sides meet the circle in D and ^. Show that C D is equal 
to CB. 
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On Measurement. 

190. Dbp. To measure a quantity of any kind is to find 
how mani/ times it contains another known quantity of the same 
hind^ Thus, to measure a line is to find how many times it con- 
tains another known line, called the linear unit. 

191. Dep. The number which expresses how many times 
a quantity contains the unit, prefixed to the name of the unit, 
is called the numerical measure of that quantity ; as 5 yards, etc. 

192. Dep. Two quantities are commensurable if there be 
some third quantity of the same kind which is contained an 
exact number of times in each. This third quantity is called 
the common measure of these quantities, and each of the given 
quantities is called a multiple of this common measure. 

193. Dep. Two quantities are incommensurable if they 
have no -common measure. 

194. Dep. The magnitude of a quantity is always relative 
to the magnitude of another quantity of the same kind. No 
quantity is great or small except by comparison. This relative 
magnitude is called their Ratio, and this ratio is always an ab- 
stract nuwher. 

When two quantities of the same kind are measured by the 
same unit, their ratio is the ratio of their numerical measures. 

195. The ratio of a to 6 is written -, or a : 6, and by this 
is meant : 

How many times b is contained in a; a 

or, what part a is of 6. b 

T. If b be contained an exact number of times in a their 
ratio is a wliole number. 

If b be not contained an exact number of times in a, but 

if there be a common measure which is contained m times in a 

m, 
and n times in b, their ratio is the fraction — . 

II. If a and b be incommensurable, their ratio cannot be 

exactly expressed in figures. But if 6 be divided into n equal 

parts, and one of these parts bo contained m times in a with 

1 tn 

a remainder less than - part of 6, then — is an approximate 

n n 

value of the ratio - , correct within - . 

n 



« 
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Again, if each of these equal parts of 6 be divided into n 
equal parts \ that is, if 6 be divided into n^ equal parts, and if 

one of these parts be contained mf times in a with a remainder 

1 mf . 

less than —^ part of h, then — s^ is a nearer approximate value 
rr n* 

1 

of the ratio - , correct within —^ . 
n 

By continuing this process, a scries of variable values, 

Ma Mint Vn!^ 

— » — 7 > — a > ®^c., will be obtained, which will differ less and 
n n^ rir a 

less from ihe exact value of - . We may thus findi a fraction 

which shall differ from this exact value by as little as we please, 
that is, by less than any assigned quantity. 

Hence, an incommensurable' ratio is the limit toward which 
its successive approximate values are constantly tending. 

On the Theory of Limits. 

196. Def. When a quantity is regarded as having 2k fixed 
value, it is called a Constant ; but, when it is regarded, under 
the conditions imposed upon it, as having an indefinite number 
of different values, it is called a Variable. 

m 

197. Def. When it can be shown that the value of a vari- 
able, measured at a series of definite intervals, can by indefinite 
continuation of the series be made to differ from a given con- 
stant by less than any assigned quantity, however small, but 
cannot be made absolutely equal to the constant, that constant 
is called the Lirnit of the variable, and the variable is said to 
approach indefinitely to its limit. 

If the variable be increasing, its limit is called a superior 
limit ; if decreasing, an inferior limit. 

198. Suppose a point ^ f ^, f ^ 

to move from A toward B, under the conditions that the first sec- 
ond it shall move one-half the distance from A to B, that is, 
to M ; the next second, one-half the remaining distance, that is, 
to M^ ; the next second, one-half the remaining distance, that 
is, to J/", and so on indefinitely. 

Then it is evident that the moving point may approach as 
near to B as we please, but udll never arrive at B. For, however 
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near it may be to B at any instant, the next second it will pass 
over one-half the interval still remaining ; it must, therefore, 
approach nearer to B, since half the interval still remaining is 
some distance, but will not reach B, since half the interval still 
remaining is not the whole distance. 

Hence, the distance from A to the moving point is an in- 
creasing variable, which indefinitely approaches the constant 
^ ^ as its limit ; and the distance from the moving point to B 
is a decreasing variable, which indefinitely approaches the con- 
stant zero as its limit. 

If the length of -4 ^ be two inches, and the variable be 
denoted by x^ and the difierence between the variable and its 
limit, by v : 

after one second, a; = 1, v = l 

after two seconds, a; = l + }, v = i 

after three seconds, ^ = l + } + l-, v = i 

after four seconds, a: = l + i + i + Ji v = i 
and so on indefinitely. 

Now the sum of the series 1 + } + 1 + i etc., is evidently 
less than 2 ; but by taking a great number of terms, the sum 
can be made to differ from 2 by as little as we please. Hence 
2 is the limit of the sum of the series, when the number of the 
terms is increased indefinitely ; and is the limit of the vari- 
able difierence between this variable sum and 2. 

liyn. will be used as an abbreviation for limit. 

199. [1] The difference between a variable and its limit is 
a variable whose limU is zero. 

[2] If two or more variables, v, v\ v'\ etc., have zero for a 
limit, their sum, v -{-v' -\-v", etc., will have zero for a limii. 

[3] If the limit of a variable , v, be zero, the limit of a±:V 
will be the constant a, and the lim,it of aXv will be zero, 

[4] The product of a constant and a variable is also a va- 
riable, and the limit of the product of a constant and a variable 
is the product of the constant and the limit of the variable. 

[5] The sum or product of two variables, both of which are 
either increasing or decreasing, is also a variable. 
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Proposition I. 
[6] If two variables be always equal, their limits are equal. 

Let the two variables A M and 
A N be always equal, and let A G 
and AB be their respective limits. 

We are to prove A C = A B. 

Suppose AOAB. Then we may 
diminish AC to some value A C such (ji^ 
ihQ.tAC' = AB. p 

Since AM approaches indefinitely to C^ 
A C, we may suppose that it has reached 
a value A P greater than A C, 

Let A Q\>Q the corresponding value of A N, 

Then AP-=AQ. 

Now AG'-=AB. 

But both of these equations cannot be true, for ^ P > ^ C", 
and A Q<AB, .\AG cannot be greater than A B, 

Again, suppose AG<AB. Then we may diminish A B to 
some value A B' such that AG=^ AB',- 

Since A N approaches indefinitely to AB we may suppose 
that it has reached a value A Q greater than A B\ 

Let A F he the corresponding value oi A M, . 

Then AP==^AQ, 

Now AG=^AB', 

But both of these equations cannot be true, fov A P <. A G, 
and AQ>' AB', ,', AG cannot be less than A B. 

Since A G cannot be greater or less than A B, it must be 
equal to A B, Q- E- d. 

[7] Corollary 1. IfUoo variables be in a constant ratio, 
their limits are in the same ratio. For, let x and y be two variables 

having the constant ratio r, then - == r, or, x^= r y, therefore 

• IzTfl (x) 

Urn, {x) =■ lim, (r y) = rX lim, (y), therefore — = r, 

lim, [y) 

[8] Cor. 2. Since an incomiliensurable ratio is the limit of 
its successive approximate values, two incommensurable ratios -r 
ands — are equal if they always have the same approximate valu/es 
when, expressed wkhin the sam>e measure of precision. 
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Proposition II. 

[9] The limit of the algebraic sum of two or more variables 
is the algebraic sum of their limits. 

Let X, t/y z, be variables, a, b, and c, ^ ^ 

their respective limits, and v, t/, and t/', 

the variable differences between x, v, 2, h- * — 

and a, b, c, respectively. 

We are to prove lim, (x+ i/+z) = a+ 6+ c. c ^ ^ 

Now, x^a — V, f/==b'—v', z = c — v'\ 
Then, x + j/ + z=^a — v-{-b — v'-\-c — v'*, 

.\lim,{x+y+z)=lim.{a — v+b — t/+c— i/'). [6 

But, lim. (a — v+ 6 — «/ + c — t/') =a+ 6 + c. [3 

.'. lim, (a; + y + 2) = a + 6 + c. 

Q. E. D. 

Proposition III. 

[10] The limit of the product of two or more variables is the 
product of their limits. 

Let X, y, z, be variables, a, 6, c, their respective 
limits, and v, t/, t/', the variable differences between 
X, y, Zy and a, 6, c, respectively. 

We are to prove lim, (xyz)==abc. 

Now, x = a — V, y = 6 — «/, z = c — v". 

Multiply these equations together. 

Then, xyz='abc'=^ terms which contain one or more of 
the factors v, t/, t/', and hence have zero for a limit. 

.*. lim, {xyz) = lim, (a 6 c ^ terms whose limits are zero). 
But lim, (abc-f^ terms whose limits are zero) = ab c, 

.*. lim, (xyz) = abc. 



For decreoMfig variablea the proofs are similar. 



Q. E. D. 



Note. — In the applicatioYi of the principles of limits, refer- 
ence to this section (§ 199) will always include the fundamental 
truth of limits contained in Proposition I. ; and it will be left as 
an exercise for the student to determine in each case what other 
truths of this section, if any, are included in the reference. 
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Proposition XII. Theorem. 

200. In the same circle, or^ equal circles, two comment 
surable arcs have the same ratio as the angles which they 

subtend at the centre. 

f B 




P 
In the cirele AFC let the two arcs be AB and A C, 
and AOB and AGO the A which they subtend, 

™. - arc AB Z AOB 
We are to prove = , • 

Let ZTA' be a common measure oi AB and A C. 
Suppose H K to\>Q contained in ^ ^ three times, 
and in AC five times. 

arc ^ J5 3 

Then j-pz — ■=• • 

arc AC 5 

At the several points of division on A B and A C draw radii. 

These radii will divide Z AOC into five equal parts, of 

which Z AOB will contain three, § 180 

(m the sanu Q, or equal (§), equal ares subtend equal A at the centre). 

ZAOB 3 



Bat 



' ZAOC 5 ' 

arc ^ jg j^ 3 
arc AC 6 * 

arc il ^ ZAOB 



Ax. 1. 



arc ^ C Z AOC 

Q. E. D 
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Proposition XIII. Theorem. 

201. In the same circle, or in equal circles, incom- 
mensurable arcs have the same ratio as the angles, which 
they subtend at the centre. 

pi p 





In the two equal ® ABP and A'B'P' let AB and A' E 
be two incommensurable arcs, and C, O the A which 
' they subtend at the centre. 

We are to prove = , 

^ arc ^ ^ Z (7 

Let AB hQ divided into any number of equal parts, and 
let one of these parts be applied to A' B' aa often as it will be 
contained in A^B'. 

Since A B and -4' B' are incommensurable, a certain num- 
ber of these parts will extend from A^ to some point, as D, 
leaving a remainder B B' less than one of these parts. 

Draw C D, 
Since A B and A'D are commensurable, 

« 

(ttoo commensurable arcs have the same ratio as the A which they subtend ai 

the centre). 

Now suppose the number of parts into which ABi^ divided 
to be continually increased ; tHten the length of each part will 
become less and less, and the point D will approach nearer and 
nearer to jB', that is, the arc A' D will approach the arc A' B' as 
its limit, and the A A' C B \kiQ A A' C B' as its limit. 
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Then the umit of — will be -— — > 

arc A B arc A B 

and the limit of will be , • 

Z,AGB /LAGB 

Moreover, the corresponding values of the two variableSy 
namely, 

arc^^i> and ^^'^'^ , 

qxqAB aacb' 

are equal, however near these variables approach their limits. 

.-. their limits ^2llA, and ^1^^^^ are equal § 199 

arc^^ AAUB 

Q. E. D. 

202. Scholium. An angle at the centre is said to be meas- 
ured by its intercepted arc. This expression means that an angle 
at the centre is such part of the angular magnitude about that 
point (four right angles) as its intercepted arc is of the whole 
circumference. 

A circumference is divided into 360 equal arcs, and each 
arc is called a degree, denoted by the symbol (®). 

The angle at the centre which one of these equal arcs sub- 
tends is also called a degree. 

A quadrant (one-fourth a circumference) contains there- 
fore 90" j and a right angle, subtended by a quadrant, con- 
tains 90**. 

Hence an angle of 30** is J of a right angle, an angle of 45* 
is i of a right angle, an angle of 135° is | of a rigM angle. 

Thus we get a definite idea of an angfe if we know the 
number of degrees it contains. 

A degree is subdivided into sixty equal parts called min^ 
utes, denoted by the symbol ('). 

A minute is subdivided into sixty equal parts called sec- 
cmds, denoted by the symbol ("). 
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Proposition XIV. Theorem. 

203. An inscribed angle is measured by one-half of the 

arc intercepted between its sides, 

B B B 




Case I. 

In the circle FAB (Fig. 1), let the centre C he in one 
of the sides of the inscribed angle B, 

We are to prove Z. B is ineas^ired hy \ arc P A, 

Draw CA. 
CA==GB, 

{being radii of the same O). 

.\/.B-=ZA, §112 

{being opposite equal sides), 

ZPCA=ZB + ZA. §105 

{the exterior Zqfa Ais equal to the sum of the two opposite interior A), 

Substitute in the above equality Z B for its equal Z A. 

Then we have ZPCA = 2ZB. 

'BMtZPCA\s measured hj A P, § 202 

(flie Z at the centre is measured by the intercepted arc), 

,', 2 Z B is measured hj AP, 
.', Z B is measured hj ^ A P. 
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Case II. 

In the circle BAB {Fig. 2), let the centre C faU 
within the angle EBA. 

We are to prove Z. E BA is measured hy J arc E A. 

Draw the diameter BC P. 

Z. PBA is measured by \ arc PA^ (Case I.) 

Z PBEia measured by J arc P E, (Case I.) 

.-. Z PBA + Z PBEia measured by J (arc PA + arc PE). 

.*. Z E BA is measured by J arc E A, 

Case III. 

In the circle BFP {Fig, 3), let the centre C fall with- 
out the angle A BF. 

We are to prove Z ABF is measured hy \ are A F, 

Draw the diameter BC P, 

ZP BF\& measured by ^ arc P-P, (Case I.) 

Z P BA\& measured by \ arc P A, (Case I.) 

/. Z PBF—Z PBA is measured by ^ (arc Pi?'— arc PA). 

.\ Z AB Fib measured by i arc A F. 

Q. E. D. 

204. Corollary 1. An angle inscribed in a semicircle is 
a light angle, for it is measured by one-half a semi-circumfer- 
ence, or by 90**. 

205. Cor. 2. An angle inscribed in a segment greater than 
a semicircle is an acute angle ; for it is measured by an arc less 
than one-half a semi-circumference ; i. e. by an arc less than 90®. 

' 206. Cor. 3. An angle inscribed in a segment less than a 
semicircle is an obtuse angle, for it is measured by an arc greater 
than one-half a semi-circumference ; i. e. by an arc 'greater 
than 90*. 

207. Cor. 4. All angles inscribed in the same segment are 
equal, for they are measured by one-half the same arc. 
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Proposition XV. Theorem. 

208. An angle formed hy two ckorck^ and whose vertex 
lies between the centre and the circuniference, is measured by 
one-half the intercepted arc plus one-half the arc intercepted 
by its sides produced. 




Let the Z AOC be fanned by the chords A B and CD, 
We are to prove 

Z. AOC is measured hy J arc AC -\' \ arc B D, 

Draw A D, 

Z COA=Z I) + ZA, §105 

{the exterior Z of a A is equal to the sum of the two opposite interior A ). 

But Z D is measured by J arc AC, § 203 

{an inscribed Z is meamtred hy \ the intercepted arc) ; 

and Z A 18 measured by ^ sltc B J), - § 203 

.\Z C OA is measured hj ^ &ro AC + ^ arc BD. 

Q. E.D. 



Ex. Show that the least chord that can be drawn through 
a given point in a circle is perpendicular to the diameter drawn 
through the point. 
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Pboposition XYL Thborem. 

209. An angle formed by a tangent and a chord U 
measured by one^half the intercepted arc. 




Let HAM be the angle formed by the tangent OM 
and chord AH. 

We are to prove 

A HA M is measured hy \ arc A EH. 

Draw the diameter AC F. 

ZFAMis&Tt.Z, §186 

(the radiiis draum to a tangent at the point of contact ia d.to if), 

Z. FAMy being a rt. Z, is measured by J the semi-circum- 
ference -4 j^^. 

Z ^il -fi" is measured by J arc FH, § 203 

(an inscribed Z is mea^sured hy \the intercepted arc) ; 

:.ZFAM— ZFAH\a measured by \ (arc A EF— arc HF), 
.*. Z HA M is measured by \ arc A EH. 

Q. E. D. 
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Proposition XV. Theorem. 

208. An angle formed by two chords, and whose verUx 
lies between the centre and the circurnference, is measured hjf 
one-half the intercepted arc jplus one-half the arc intercepted 
bi) its sides produced. 




Let the Z AOC be formed by the chords A B and CD, 
We art to prove 

Z. A OC is measured by \ arc AC -\' \ arc B D, 

Draw A D, 

ZCOA=ZI) + ZA, §105 

{the exterior Z of a A is equal to the sum of the two opposite interior A ). 

But Z 2> is measured by ^ arc il (7, § 203 

{an inscribed Z. is measured by i the intercepted arc) ; 

and Z A \a measured by J arc ^ i), - § 203 

.\Z CO A is measured by J arc -4 (7 + J arc BD. 

Q. E.-D. 



Ex. Show that the least chord that can be drawn through 
a given point in a circle is perpendicular to the diameter drawu 
through the point. 
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Case II. 

Let the Angle {Fig, 2) be f aimed by the two tanr 
gents OA and OB. 

We are to prove 

Z 18 measured by ^ 9xc A MB — J arc il SB. 

Draw A B. 

ZABC==ZO-{'ZOAB, §105 

(the exterior Z of a A is equal to the swm of the two opposite interior A ). 

By transposing^ 

Z = ZABC-Z OAB. 

But ZABGSa measured by J arc ^ M By § 209 

(an A formed hya tangent and a chord is measured by ^ the iTUercepted arc), 

and Z OAB ismeasuTedhj^ aid A SB. §209 

.'. Z ia measured by J arc -4 MB — ^ axe A SB. 

Case III. 

Let the angle (Fig. 3) be formed by the tangent 
OB and the secant OA. 

We are to prove 

Z is measured by ^ arc A D S — ^ aic CBS. 
Draw CS. 

ZACS==Z + Z CSO, § 105 

(the exterior Z of a A is equal to the sum of the two opposite interior A). 
By transposing, 

ZO = ZAGS-ZCSO. 

But Z ACS ia measured by ^slvcADS, § 203 

(being an inscribed Z). 

and Z CSOis measured by ^ sltc C B S, § 209 

(beiTig an Z formed by a tangent and a chord), 

.*. Z is measured hy ^ b,tc ADS— ^ arc CBS. 

Q. E. D. 
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Supplementary Propositions. 
Proposition XVIII. Theorem. 

211. Two parallel lines inter cej^t ujion the circum- 
ference equal arcs, 

A 





Fig. 1. 

Let the two parallel lines CA and B F (Fig. 1), inter- 
cept the arcs C B and A F, 

We are to prove arc C B = arc A F. 
Draw A B. 



ZA=ZB, 

(being cdL-int. A ). 
But the arc CB is double the measure of Z A, 
and the arc ^ ^ is double the measure of Z B. 



§68 



.'. B.TC C B = arc A F, 



Ax; 6* 

Q. E. D. 



212. Scholium. Since two parallel lines intercept on th<J 
circumference equal arcs, the two parallel tangents Jf iV and 
P (Fig. 2) divide the circumference in two semi-circumferences 
AG B and AQ B, and the line A B joining the points of contact 
of the two tangents is a diameter of the circle. 
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Proposition XIX. Theorem. 



213.' J^* ^^^ *"^ 9f ^'^0 arcs he less than a circum- 
ference the greater arc is subtended hy the greater chord; 
and conversely y the greater chord subtends the greater arc, 

B 




P 
In the circle A CP let the two arcs A B and BC to- 
gether be less than the circumference, and let 
AB be the greater. 

We are to prove chord A B > chord B C. 

Draw A C. 

In the A ABC 

A Cy measured by \ the greater arc ^-ff, § 203 

k greater than A A, measured by J the less arc B C. 

.'. the side il ^ > the side B C, § 117 

-' (in a t^the greater Z has the greaXer side opposite to U). 

Conversely : If the chord -4 ^ be greater than the 
chord BC. 

We are to prow arc AB> arc B C. 

In the A ^ j5 C, 

AB>BC, Hyp. 

.\AC>A, §118 

{in a b.the greater side has the greater Z. opposite to it). 

.'. arc A Bj double the measure of the greater Z (7, is greater 
than the arc B C, double the measure of the less Z A. 

Q. E. D. 
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Proposition XX. Theorem. 

214. If the sum of two arcs he greater than* a circum- 
ference, the greater arc is subtended by the less chord; and, 
conversely, the less chord subtends the greater arc. 

B 




E 

In the circle BGE let the arcs A BOB and BAEC 
together be greater than the circumference, and 
let arc A EC B be greater than arc BAEC, 

We are to prove chord AB <. cJiord B C. 

From the given arcs take the common arc AEC ; 

we have left two arcs, CB and A B, less than a circumference, 

of which CB is the greater. 

.-. chord CB> chord A B, § 213 

(when the sum of two arcs is less than a circnmferencef the greater arc is 

svJbtended by the greaUr chord), 

.*. the chord A B, which subtends the greater arc AECB, 
is less than the chord B C, which subtends the less arc BAEC. 

Conversely : If the chord ^ ^ be less than chord B C. 

Wfi are to prove arc AEC B7> arc BAEC. 

Arc AB + a.rc AECB = the circumference. 

Arc BC + B,TC BA EC=^ the circumference. 

.\ Q,Tc A B + ATc A E C B ^ BLTc B C + avcBAEC. 

But SiTcAB<a.TcBC, §213 

(being subtended by the less chard). 

.-. arc A EC B> arc BAEC, 

Q. E. D. 
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On Constructions. 



Proposition XXI. Problem. 



215. To find a point in a plane , having given iU dis- 
tances from two known points. 






Let A and B be the two known points; n the dis- 
tance of the required point from A^ o its distance 
from B. 

It is required to find a poirU at the given distances from A 
and B, 

From ^ as a centre, with a radius equal to w, describe an arc. 

From ^ as a centffe, with a radius equal to o, describe an arc 
intersecting the former arc at G. 

C is the required point. 

Q. E. F. 



216. Corollary 1. By continuing these arcs, another point 
below the points A and B will be found, which will fulfil the 
conditions. 

217. Cor. 2. When the sum of the given distances is equal 
to the distance between the two given points, then the two arcs 
described will be tangent to each other, and the point of tan- 
gency will be the point required. 
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Let the distance from ^ to -5 equal n + o. 

From ^ as a centre, with a \/ 

radius equal to riy describe an arc -/A' c\ 'B 

and from ^ as a centre, with '^ 

a radius equal to o, describe an ^ 

arc. 

These arcs will touch each ~ 

other at (7, and will not intersect. 

. .'. (7 is the only point which can be found. 

218. Scholium 1. The problem is impossible when the 
distance between the two known points is greater than the sum 
of the distances of the required point from the two given points. 

Let the' distance from ^ to i? be greater than » + o. 

Then from -4 as a centre, 
with a radius equal to 7i, de- -^' 
scribe an arc; 

and from ^as a cenipe, witha 
radius equal to o, describe an arc. 

These arcs will neither touch 



nor intersect each other ; 

hence they can have no point in common. 

219. ScHO. 2. The problem is impossible when the distance 
between the two given points is less than the difference of the 
distances of the required point from the two given points. 

Let the distance from A to ^-be less than n — o. 

From -4 as a centre, with a radius ^^ "^"^\^ 
equal to n, describe a circle ; / • \ 



\ 


/ 


\ 


/ 


1 


/ 


1 


1 


1 


\ 


/ 


\ 


/ 
/ 


\ 


n 







and from ^ as a centre, with a / / \ \ 

radius equal to o, describe a circle. | / a* .« \ ^ 

The circle described from jB as a \ \ 7 / 

centre will fall wholly within the circle \ \^ y / 

described from ^ as a centre ; o \ y 

hence they can have no point in ^ '^^ -^^ 

common. 



/ 



CONSTBtJCTIONS. 106 



Proposition XXIL Fbobleil 

220.. To bisect a given straight line, 

C 

X 

I 
I 

A \ B 

I 

A 

Let AB be the given sti&ight line. 

It is required to bisect the line A B, 

From A and B as centres^ with equal radii, describe arcs 
intersecting at G and E, 

Join CE. 

Then the line C E bisects A B. 
For, CajodE, being two points at equal distances from the 
extremities A and B, determine the position of a J. to the mid- 
dle point of AB, § 60 

Q. E. F. 

Proposition XXIIL Problem. 

221. At a given point in a straight line, to erect a 
perpendicular to that line. r 



/ 



X 



^ HO" 

Let be the given point in the straight line A B. 

It is required to erect a JL tp the line A B at the point 0. 

TokQOH^OB, 

From B and H as centres, with equal radii, describe two 
arcs intersecting at i?. 

Then the line joining EO is the J_ required. 

For, and JR are two points at equal distances from B and H, and 

.'. determine the position of a -L to the line HB at its 
middle point 0. § 60 

Q. E. F. 
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Proposition XXIV. Problem. 

222. From a point without a straight line, to lei fall a 
perpendicular upon that line. 

C 



^o 



/ 



^ 



■^ 



m 



:=^ 



/ 



Let AB be & given straight line, and G a given point 
without the line. 

It w required to let /all a A. to the line A B from the point C 

Prom C as a centre, with a radius sufficiently great, 

describe an arc cutting ^ ^ at the points H and K. 

Proin H and K as centres, with equal radii^ 

describe two arcs intersecting at 0. '^ 

Draw G 0, 

and produce it to meet ^ ^ at m. 

G m i? the J_ required. 

Por, G and 0, being two points at equal distances frcnn S 
and K, determine the position of a J. to the line HK at its 
middle point. -§60 

Q. E. F. 
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Proposition XXV. Problem. 

228. To construct an arc equal to a given arc whose 
centre u a given point. 





Let C be the centre ot titu^ffiven arc AB, 

It is required to construct an arc equal to arc A B. 

Bt&w GB, CA, and A B. 

From C as a centre, with a radius equal to CB, 

describe an indefinite arc B' F. 

From B' as a centre, with a radius equal to chord A B, 

describe an arc intersecting the indefinite arc at A\ 

Then arc A'B'=^arcAB. 

For, draw chord A' B', 



and 



^ 



The (D are equal, 
j^^tj^iin^ described vrith equal radii), 

chord A* B' = chord A B ; 

.'. ATG A^B^ = Q.TC AB, 
{in equal ® equal chords svJ>tend equal arcs). 



Cons. 
§ 182 



Q. E. F. 
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Proposition XXVI. Problem. 

22,4*. At a given point in a given straight line to con- 
struct an angle equal to a given angle. 

F 





Let C he the given point in the given line C Bf^ and 
C the given angle. 

It is required to construct an Z. at C equal to the A C, 

m 

From C as a centre, with any radius as CB, 
describe the arc ^ ^, terminating in the sides of the Z. 

Draw chord A B, 

From C" as a centre, with a radius equal to C By 

describe the indefinite arc B' F. 

From ^' as a centre, with a radius equal to AB, 

describe an arc intersecting the indefinite arc at A'. 

Draw A' G\ 
Then AG'^AC. 
For, join^'^'. 

The (D to which belong arcs A B and A' B' are equals 
(beviig described vxiih equal radii), 

and chord A' B' = chord AB, Oons. 

.-. arc A' B' = arc A B, § 182 

(in eqical (D eqiuil chords subtend equal arcs), 

.-. z.a = z.c, § 180 

(in equal ® equal arcs subtcTid equal A at the centre). 

Q. E. F- 
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Proposition XX V JUL. Problem. 



225. To bisect a given arc. 

A 




Let AOB be the given arc. 

It is required to bisect the arc AOB, 

Draw the chord A B. 

From A and B as centres, with equal ladii, 

describe arcs intersecting at E and C. 

Draw E C. 

EG bisects the arc AOB. 

For, E and C, being two points at equal distances from 
A and Bj determine the position of the J. erected at the middle 
of chord il£; §60 

and a J. erected at the middle of a chord passes through 
the centre of the O, and bisects the arc of the chord. § 184 



Q. E. F. 
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Proposition XXVIII. Problem. 
226. To bisect a given angle. 




Let AEB be the given angle. 

It is required to bisect A AE B. 

From j^ as a centre, with any radius, as E A^ 

describe the arc A OE, terminating in the sides of the Z. 

Draw the chord A B. 

From A and B as centres, with equal radii, 

describe two arcs intersecting at C. 

Join E G. 

E C bisects the Z E. 

Por, E and C, being two points at equal distances from A and 
B, determine the position of the -L erected at the middle of 
AB. § 60 

And the -L erected at the middle of a chord passes through 
the centre of the O, and bisects the arc of the chord. § 184 

.'. arc ii = arc B, 

.\ZAEC=^ZBEC, § 180 

(171 the same circle eqital arcs subtend equal A at the centre). 

Q. E. F. 
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Proposition XXIX. Problem. 

227. Through a given point to draw a straight line 
parallel to a given straight line. 



Let AB be the given line, and H the given point. 

It is required to draw through the point R a line li to the 
line A B, 

Draw HAy making the Z HAB, 

At the point H construct Z.AHE = AHAB, 

Then the line HE ia 11 to A B. 

For, Z EUA ^jLHAB\ Cons. 

/. HE is 11 to il 5, § 69 

i^hzn two straight lines, lying in the same plane, are cut by a third straight 
line, if the aXt -irU, A he equal, the lines are parallel). 

Q. E. F. 



Ex. 1. Find the locu^ of the centre of a circumference which 
passes through two given points. 

2. Find the locus of the centre of the circumference of a 
given radius, tangent externally or internally to a given cir- 
cumference. 

3. A straight line is drawn through a given point -4, inter- 
secting a given circumference at B and C Find the locus of 
the ihiddle point P of the intercepted chord B Q- 
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Pboposition XXX. Pboblbm. 

228. Two angles of a triangle being given to find the 

third. 

R 



'--^.. 



I 
I 



E :::::^>^ 




Let A and B be two given angles ot a triangle. 

It is required to find the third A of the A. 

Take any straight line, 2& E F, and at any point, as H^ 

construct Z RSF equal to Z B^ 

and Z SHE equal to Z A. 

Then Z. RH S\b the Z required. 

For, the sum of the three ^^^ of a A = 2 rt. -4, § 98 

, and the sum of the three A about the point JST, on the same 
side of i^ J^ = 2 rt. A § 34 

Two A of the A being equal to two A about the 
point H, Cons. 

the third Z of the A must be equal to the third Z about 
the point H. 

Q. E. F. 
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PBOPOsinoN XXXI. Problem. 

229. TiDO sides and ike included angle of a triangle 
being given, to construct the triangle. 




Let the two sides of the triangle be E and F, and 
the included angle A, 

It is required to construct a A having two sides equal to E 
and F respectively y and their included Z,=^ Z. A. 

Take HK eqtial to the side F. 

At the point H draw the line HM^ ) 

making the 2. KHM ^^ A A. 
On EM take HC equal to E. 

Draw G K. 

Then A CHK is the A requirei 

a E. F. 
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Proposition XXXIL Problem. 

230. A side and two adjacent angles of a triangle being 
given, to construct the triangle. 







/ 



•-•^ 



^c 



\ 





Let CE be the given side, A and B the given angles. 

It is required to construct a A having a side equal to C E, 
and two A adjacent to thai side equal to A A and B respectively. 

At point C construct an Z. equal to Z il. 

At point E construct an Z equal to Z J5. 



Then 



Produce the sides until they meet at 0. 
A CO Eia the h. required. 



Q. E. F. 



231. Scholium. The problem is impossible when the two' 
given angles are together equal to, or greater than, two ^ight 
angles. 






CONBTBUCHOITS. 



PitoFosrnON XXXIIL Fbobleu. 

a triangle being given, to con- 



ies be m, n, and o. 

I A having three tida reBptdivelif, 

equal to n. 

dth a rai^us equal to o, 

) an arc ; 

trith a radiua equal to m, 

ting the foimer arc at C. 

[ mACB. 

be A required. 

Q. e. F. 

lem is impossible whiu one side 
m. (if the other two. 
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Proposition XXXIV. Eroblem. 

234. The hypotenuse and one side of a fight triangle 
being given, to construct the triangle. 




m 



Let m be tike given side, and o the hypotenuse. 

It is required to construe a r^. A having the hypotenuse 
equal o and one side eqvxil m. 

Take A B equal to m. 

At A erect a ±, il X. 

From ^ as a centre, with a radius equal to o, 

describe an arc cutting A X at C. 



Then 



Draw OB. 



A C A B is the A required. 



a E. F. 
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Proposition XXXV. Problem. 

235. The base, the altitude, and an angle at the base, 
of a triangle being jiven^ to construct the triangle. 




m 




Let equal the base, m the altitude, and C the angle 
at the base. 

It is required to construct a A having the hose equal to o, 
the altitude eqtud to m, and an Z at the base equal to C. 

Take A B equal to o. 

At the point A, draw the indefinite line A R^ 

making the Z BA R^=^ Z. C. 

At the point A^ erect a J. AJ^ equal to m. 

From X draw XS II to A B, 

and meeting the line AM B,t S, 

Draw SB. 



Then A ASB ia the A required. 



a E. F 
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Proposition XXXVI. Problem. 

236. Two sides of a triangle and the angle opposite one 
of them being given ^ to constriict the triangle. 

Case I. 

WTun the given aivgle is aciUe, and (he side opposite to it is less tJian 

the other given side, 

D 



2iL 






\ 

\ 



L_A^ 



a 



E 



Let c he the longer and a the shorter given side, and 
A A the given angle. 

It is required to construct a A having two sides equal to a 

and c respectively, and the Z. opposite a equal to given Z. A, 

Construct Z. D A E equal to the given Z A. 

On AD take AB = c. 

Prom B as a centre, with a radius equal to a, 

describe an arc intersecting the side AEoiC and C". 

Draw B C and B C", 

Then both the A ^ ^ C and A B C" fulfil the conditions, 

and hence we have two constructions. 

When the given side a is exactly equal to the 1. BC, there 

will be but one construction, namely, the right triangle ABC, 

When the given side a is less than B C, the arc described 

from B will not intersect A E, and hence the problem is im- 

ssible. 
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Case II. 

WTien the given angle is CLcute, right, or obtuse, and the side opposite 
to it is greater than the other given side. 

D 

B 




Pig. 1. 



Fig. 2. 



\ 



s 

When the given angle is obtuse. 
Construct theZDAJE (Fig. 1) equal to the given Z S. 

Take A B equal to a. 
From jB as a centre, with a radius equal to c, 
describe an arc cutting E A z.i C, and EA produced at C*. ' 

Join BCaiidE C, 

Then the A ABGia the A required, and there is only one 
construction ; for the A ABC will not contain the given Z aS'. 

When the given angle is acute, as angle BA CK 
There is only one construction, namely, the ABAC (Fig. 1). 

When the given Zis a right angle. 

There are two constructions, the equal ABAC and BAC 
(Fig. 2). a. E. F. 

The problem is impossible when the given angle is right or 
obtuse, if the given side opposite the angle be less than ^ 
other given side. § 
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Proposition XXXVII. Pboblem. 

237. Two sides and an included angle of a parallelo* 

gram being given, to construct the jaafallelogram. 

R 



it^ "^rE 




m 



Let m and o be the two sides, and C the included 
angle. 

It is required to construct a O having two adjacent sides 
equal to m and o respectivelg, and their included Z. equal to A G. 

Draw A B equal to o. 

From A draw the indefinite line A B, 

making the Z A equal to Z C, 

On AB take A H equal to m. 

From JT* as a centre, with a radius equal to o, describe 
an arc. 

From J? as a centre, with a radius equal to m, 
describe an arc, intersecting the former arc at E, 
Dmw E R md E B. 
The quadrilateral ABEHia the O required. 

For, AB = HE, Cons. 

AH=BE, Cons. 

.-. the figure ABEH ia & CJ, § 136 

(a quadrUaUralf wMdf, has its opposite aides equals isaCJ). 

Q. E. F. 
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Proposition XXXYIII. Problem. 

238. To describe a circumference through three points 
not in the same straight line. 



/ 

/ 
/ 
/ 
I 



\ 
\ 
\ 

\ 
\ 
^ 
\ 



j 

J 



A<" / L \ ..V 



I \ -yc 






B 
Let the three points be A, B, and C. 

It is required to describe a drcum/erence Uvrough the three 
points A, B, and C. 

Draw ^ ^ and ^ G. 

Bisect A B and B C, 

At the points of bisection, E and F, erect Js intersect- 
ing at 0. 

From as a centre, with a radius equal to -4, describe a 
circle. 

O ABC is the O required. 

For, the point Oy being in the 1. E erected at the middle 
of the line A B, is at equal distances from A and B ; 

and also, being in the 1. FO erected at the middle of the 
line (7 jff, is at equal distances from B and G, § 58 

{every poirU in the JL erected at the middle of a straight line is at equal 

distances from the extremities of that line), 

.'. the point is at equal distances from A, B, and (7, 

and a O described from as a centre, with a radius equal 
to A, will pass through the points A, B, and (7. 

Q. E. F. 

V 

239. Scholium. The same construction serves to describe 
a circumference which shall pass through the three vertices of a 
triangle, that is, to circumscribe a circle about a given triangle. 
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Proposition 



Problem. 



240. Through a given ^oi%t to draw a tangent to a 
given circle. 





Case 1 . — When the given, poirU is on the circumference. 

Let ABC (Fig. 1) be a given circle, and the given 
point on the circumference. 

It is required to draw a tangent to the circle at G. 

Froin the centre 0, draw the radius G. 

At the extremity of the radius, G, draw G M ±to OG. 

Then G M is the tangent required, § 186 

(a straight line ±to a retdius at its extremity is tangent to the O). 

Case 2. — TFh^n the given poM is without the circumference. 

Let ABG {Fig. 2) be the given circle, its centre, 
E the given point without the circumference. 

It is required to draw a tangent to the circle ABG from 
the point E. 

Join E. 

On OE &9 B. diameter, describe a circumference intersecting 
the given circumference at the points M and II. 

Draw OMandO H, EM^xA EH. 

Now Z ME is a rt. Z, § 204 

•(being inscribed in a semicircle). 

.'. EM is ± to Jf at the point M; 

.'. EM is tangent to the O, § 186 

(a straijght line JLto a radius at its extremity is tangent to the O). 

In like manner we may prove HE tangent to the given O. 

Q. E. F. 

241. Corollary. Two tangents drawn fix)m the same point 
to a circle are equal. 
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Proposition XL. Problem. 

242. To inscribe a circle in a given triangle* 

B 
M 




Let ABC be the given tziangle* 
It 18 required to inscribe a O in the A AB C. 
Draw the line A E, bisecting Z Ay 
and draw the line C E^ bisecting Z G. 
Draw E£[±to the line A C. 
From E, with radius Eff, describe the O KMH. 
TheO KHMis the O required. 
For, draw EK± to A B, 
and EM ±toBC. 
In the Tt.AA KE and A HE 

AE^AEy . Iden. 

ZEAK=^Z.EAn, Cons. 

.'.AAKE^AAHE, §110 

{Two ri. ^ are equal if the hypotenuse and an acute Z of the one he equal 
respectively to the hypotenuse and an acute /.of ike other), 

.*. E K ^= E Hj 

(being homologous sides of equal ^). 

In like manner it may be shown E M=^ EH, 

,\ EK, EH, and EMoie all equal. 

•'. a O described from ^ as a centre, with a radius equal to EH, 

will touch the sides of the A at points H, K, and Jf, and 
be inscribed in the A. § 174 

Q.E. F. 
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Proposition XLL Problem. 

243. ITpon a given straight line, to describe a segment 
which shall contain a given angle. 

H 




7 



M 



Let AB be the given line, and M the given Single, 

It is required to describe a segment upon the line A B, which 
slmll contain Z. M, 

At the point B construct A ABE equal to Z M, 

Bisect the line ^ ^ by the LF H. 

From the point B, draw BO ±to BB. 

From 0, the point of intersection oi F H and jS O, as a 
centre, with a radius equal to B, describe a circumference. 

Now the point 0, being in a J. erected at the middle of 

AB, is at equal distances from A and B, § 58 

{every point in a A. erected at the middle of a straight line is at equal dis- 
tances from the extremities of that line) ; 

.'. the circumference will pass through A, 

Ifow 5jFis ± to OB, Cons. 

.-. ^ ^ is tangent to the O, § 186 

{a straight line J- to a radiics at its extremity is tangent to the G). 

.'. Z. ABE\s measured by | arc ^ ^, . § 209 

(being an /.formed by a tangent and a chord). 

Also any Z. inscribed in the segment AHB, as for instance 
Z A KB, is measured by | arc AB, § 203 

{being an inscribed Z. ). 
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(being both measured by i the sante arc) ; 
.'.ZAKB^ZM. 
'. segment A HB is the segment required. 



Q. E. F. 



Proposition XLII. Problem. 

244. To find the ratio of two commenmrahle straight 

lines. 

E H 

A » L_i_B 



K 

C\ , , r^D 

F 
Let AB and C D be two straight lines. 

It is required to find the greatest common measure of A B 

and C Dy so as to express their ratio in figures. 

Apply CD to A B SLS many times as possible. 

Suppose twice with a remainder EB. 

Then apply EB to C £> as many times as possible. 

Suppose three times with a remainder FD. 

Then apply FB to E B as many times as possible. 

Suppose once with a remainder HB, 

Then apply HB to FB as many times as passible. 

Suppose once with a remainder KD, 

Then apply K D to HB as many times as possible. 

Suppose KB is contained just twice in HB, 

The measure of each line, referred to KB as a unit, will 
then be as follows : — 

HB =2KB; 

FB = HB+KB= 3KB; 

EB = FB+HB= 5 KB; 

CB =3^J5+ FB = 18KB; 

AB '=20B+ EB = ilKB. 

AB 41KB 



m 



CD IS KB 



.*• the ratio of tt-t. "^ 



^^ ''' Q.E.F. 
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Exercises. 

1. If the sides of a pentagon, no two sides of which are 
parallel, be produced till they meet ; show that the sum of all 
the angles at their points of intersection will be equal to two 
right angles. 

2. Show that two chords which are equ^y distant from the 
centre of a circle are equal to each other ; and of two chords, that 
which is nearer the centre is greater than the one more remote. 

3. If through the vertices of an isosceles triangle which has 
each of the angles at the base double of the third angle, and is 
inscribed in a circle, straight lines be drawn touching the circle ; 
show that an isosceles triangle will be formed which has each 
of the angles at the base one-third of the angle at the vertex. 

4. ^ i> 5 is a semicircle of which the centre is C\ and AEC 
is another semicircle on the diameter AC ', AT ia a common 
tangent to the two semicircles at the point A, Show that if 
from any point F^ in the circumference of the first, a straight 
line FG \)Q drawn to (7, the part F Ky cut oflf by the second 
semicircle, is equal to the perpendicular FH to the tangent A TJ^ 

6. Show tiiat the bisectors of the angles contained by tl^e 
opposite sides (produced) of an inscribed quadrilateral intersect 
at right angles. 

6. If a triangle ABC he formed by the intersection of three 
tangents to a circumference whose centre is 0, two of which, 
A M and ANy are fixed, while the third, BC^ touches the cir- 
cumference at a variable point F ; show that the perimeter of 
the triangle ABC is constant, and equal to ^ ^ + ^ i\r, op 
2AM. Also show that the angle BO C ia constant. 

7. -4 ^ is any chord and AC \a tangent to a circle at A, 
C D E Q, line cutting the circumference in D and E and parallel 
to ^^; show tliat the triangle ACD ia equiangular to the 
triangle EA B^ 
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Constructions. 

1. Draw two concentric circles, such that the chords of the 
outer circle which touch the inner may be equal to the diameter 
of the inner circle. 

2. Given the base of a triangle, the vertical angle, and the 
length of the line drawn from the vertex to the middle point 
of the base : conarfruct the triangle. 

3. Given a side of a triangle, its vertical angle, and the radius 
"V of the circumscribing circle : construct the triangle. 

4. Given the base, vertical angle, and the perpendicular from 
the extremity of the base to the opposite side : construct the 
triangle. 

5. Describe a circle cutting the sides of a given square, so 
that its circuniference may be divided at the points of inter- 
section into eight equal arcs. 

6. Construct an angle of 60°, one of 30**, one of 120% one 
of 150% one of 45"*, and one of 135^ 

7. In a given triangle ABC, draw Q D E parallel to the base 
*B and meeting the sides of the triangle At D and E^ so that 
i>^ shall be equal to JOB '\- EC. 

8. Given two perpendiculars, A B and CD, intersecting in 0, 
and a straight line intersecting these perpendiculars in E and F; 
to construct a square, one of whose angles shall coincide with 
one of the right angles at 0, and the vertex of the opposite angle 
of the square shall lie in E F, (Two solutions.) 

9. In a given rhombus to inscribe a square, 

10. If the base and vertical angle of a triangle be given ; 
find the locus of the vertex. 

11. If a ladder, whose foot rests on a horizontal plane and 
top against a vertical wall, slip down; find the locus of its 
middle point . 
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PROPORTIONAL LINES AND SIMILAR POLYGONS. 



On the Theory of Proportion. 

245. Def. The Terms of a ratio are the quantities com- 
pared. 

246. Def. The Antecedent of a ratio is its first term. 

247. Def. The Consequent of a ratio is its second term. 

248. Def. A Proportion is an expression of equality he- 
tween two equal ratios. 

A proportion may be expressed in any one of the following 
forms : — y^ 

1. a : h \ I c \ d 

2, a : h = c : d 
o a c 

^- b = dr 

Form 1 is read, a is to & as c is to (f. 
Form 2 is read, the ratio of a to 6 equals the ratio of c to d. 
Form 3 is read, a divided by h equals c divided by d. 
The Terms oi a proportion are the four quantities com- 
pared. 

The first and third terms in a proportion are the ante- 
cedents, the second, and fourth terms are the consequents. 

249. The Extremes in a proportion are the first and fourth 
tenns. 

250. The Means in a proportion are the second and third 
terms. • M 
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251. Dep. In the proportion a :b : : c :d; d ia & Fourth 
Proportional to a, h, and c, 

252. Def. In the proportion a :h : :h :c; c is a Third 
Proportional to a and h. 

253. Def. In the proportion a:6::6:c; ftis a Mean 
Proportimial between a and c. 

254. Def. Fonr quantities are Reciprocally Proportional 
when the first is to the second as the reciprocal of the third is to 
the reciprocal of the fourth. 

Thus a- : 6 ::-:-- . 

c d 

If we have two quantities a and h, and the reciprocals of 

these quantities - and - ; these four quantities form a recipro- 

a b 

eal proportion, the first being to the second as the reciprocal of 
the second is to the reciprocal of the first. 

As a : 6 : : - : -. 

b a 

255. Def. A proportion is taken by Alternation, when the 
means, or the extremes, are made to exchange places. 

Thus in the proportion 

a : b : : c : df 
we have either 

a : c : : b : d, or, d : b : : c : a. 

256. Def. A proportion is taken by Inversion, when the 
means and extremes are made to exchange places. 

Thus in the proportion 

a : b : : c : d, 
by inversion we have 

b : a : : d : c. 

257. Def. A proportion is taken by Composition, when 
the sum of the first and second is to the second as the sum of 



M 
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the third and fourth is to the fourth ; or when the sum of the 
first and second is to the first as the sum of the third and fourth 
is to the third. 

Thus if a : b : : c : d, 

we have by composition, •♦^ 

a + h : b : : c + d : d, 

or, a + b : a : : c + d I c. 

258. Dep. a proportion is taken by Division, when the 
difference of the first and second is to the second as the dif- 
ference of the third and .fourth is to the fourth ; or when the 
difference of the first and second is to the first as the difference 
of the third and fourth is to the third. 

Thus if a : b \ ', c : dy 

we have by division 

a- — b \ b : : c — d i dy 

or, a — b : a : : c — d : c. 



•* •* 



Proposition I. 



^■' "^59. In evei^ proportion the product of the extremes is 
■equally the product of the means. 



Let a : b : : e : d, / ^ 

We are to prove ad ^= be. 

I^ow ? = -^, 

b d' 

whence, by multiplying by b d, 

ad = bc. 



Q. E. o. 
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In the treatment of proportion, it is assumed that fractions 
may be found whicl^'will represent the ratios. It is evident that 
a ratio may be rep^sented by a fraction when the two quanti- 
ties compared can be expressed in integers in terms of any 
common unit. Thus the ratio of* a line 2^ inches long to a line 
3J inches long may be represented by ^he fraction f f when both 
lines are expressed in terms of a unit yV ^^ ^^ i^^^h long. 

But ^t often happens that no unit exists in terms of which 
both the quantities can bi expressed in integers. In such cases, 
however, it is possible to find a fraction that will represent the 
ratio to any required degree of accuracy. 

Thus, if a and h denote two incoiA^iensurable lines, and h be 

• divided into any integral number (n) of equal parts, if one of 

these parts be contained in a more than m times, but less than 

m + 1 times, then - > ^ but < ^— — ; so that the error 

h n n 

Jn taking either of these values for - is < -. Since n can 
■^ h n 

be increased at pleasure, - can be made less than any assigned 

n 

value whatever. Propositions, therefore, that are true for — and 

n 

— -I — , however little these fractions differ from each othy, are 
n 

true for - ; and - may be taken to represent the value 
b n 

Proposition II. 

260. A mean proportional between two quantities is 
equal io the square root of their product. \ 

In the proportion a : 5 : : 6 : c, 

62 = ac, §259 

(fhe product of the extremes is equal to the product of the means). 

Whence, extracting the square root, 

h = ^ ac. 

Q. B. D. 
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Proposition III. 

261. If the prodiict of two quantities be equal to the 
product of two others, either two may he made the extremes 
of a proportion in which the other two are made the means. 

Let ad = be. 

We are to prove a : b :.: c : d. 

Divide both members of the given equation by b d. 



Then . ~ = -^, 

b d' 



or, a : b : : c : d, 

Q. E. D. 



Proposition IV. 

262. If four quantities of the same kind be in propor* 
tion, they will be in proportion by alternation. 

m 

Let a : b ', : c : d. 
We are to prove a : c : : b : d. 

Now, ^ = £. 

b d 

Multiply each member of the equation by - • 

c 

Then ? = \, 

c d 

or, a : c : : b : d, 

Q. E. D. 
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Proposition V. 

263. If four quantities he in projportion^ they will be in 
jproportion by inversion. 

Let a ; h : ', c \ d. 

We are to prove h \ a : : d \ c. 

Now, - = -. 

h d 

Divide 1 by each, member of the equation. 

Then l = i, 

a c 

OTy b : a : : d : Cm 

Q. E. D. 

Proposition VI. 

264. If Jour quantities be in proportion, they will he in 
proportion by composition. 

Let a \ h : \ c : d 

We are to prove a + 6 :6 ::c + (£ :dL 

Now - -=— . 

h d 

Add Jl to each member of the equation. 

Theu f +1 = 1+1, 

.1,. a -\- h c + c? 

that IS, ^ = — ; — f 

b d 

or, a'\- h \ h \ \ c + d : d, 

Q. E. D. 
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Proposition VII. 

265. If four quantitiea he in proportion y they will he in, 
proportion hy division. 

Let a : b : : c : d. 

We are to prove a — b : b : : c — d : d, 

Now - = ^. 

b d 

Subtract 1 from each member of the equation. 



Then 


a c 


that is. 


a — b 0— d 




b d ' 


or, 


a — b : b : : c — d : d. 



Q. E. D. 

Proposition VIIL 
266. In a series of equal ratios, the sum of the ante- 
cedents is to the sum of the consequents as any antecedent is 
to its consequent. 

Let a : b = c : d = e :/ = ^ : h. 
We are to prove a + c+e + gib + d-^f+hiiaib. 
Denote each ratio by r. 

a c e s^ 
Then '•=6=^=7= A' 

Whence, a = 6r, c==c?r, e=fr, g^^hr. 
Add these equations. 

Then a'\-c+e + g='{b-\-d +/+ h) r. 
Divide by {b + d-^f+h). 

Then _— . — — — :— ^ = ^ = , 



b+d+f+h ' b 
or, a + 0+ e-\- g : 6 + c?+/4-A : \ a :6. 



Q. E. D. 
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Proposition IX. 

267. The prodncis of the corresjaonding terms of two or 
more jprqportiona are in proportion. 





Let a : b : 


: c : 


d. 






e:f: 


: 9 ' 


K 






k : I : 


: m : 


n. 




We are 


to prove aek : hfl : : 


cgm 


: dhn. 


Now 


ace 

h" d' 7" 


9 




m 

— • 

n 


Whence 


\ by multiplication, 
aek 


cgm 




• 




hfl 


dhn 


9 




or. 


aek : hfl : : 


cgm 


: dk 


n. 



Q. E. D. 

Pboposition X. 

268. Like powers^ or like roots y of the terms of a pro" 
portion are in proportion. 

Let a \ h : : c I d. 

We are to prove . a* : 6* : : c* : cf*, 

1 1. 1 1 
and a»» : 6» : : <r» : d^. 

Now ?=:£. 

h d 

By raising to the n^ power, 

— = -- ; or a" : 6" : : d" : (^. 

By extracting the n^ root, 

1 1 

a"^ €»• 1 1 1 1 

— = — ; or, a» : 6» : : c» : a» . 

6» d^ 

Q. E. D. 

269. Dep. Equimultiples of two quantities are the products 
obtained by multiplying each of them by the same number. 
Thus m a and m h are equimultiples of a and 6. 
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•^ .9 



Proposition XL 4 § 

270. Equimultiples of two quantities are in the same ^ 
ratio as the quantities themselves, ^ 

Let a and h be any two quantities. 

We are to prove ma : mh : : a : b. ^ 

^j a a ■' 

JN ow - = - . 

b b 
Multiply both terms of first fiaction by m, •• 

ma a 



Then _ -- , 

mo b 



^ 



or, ma : mb : : a : 

Q. E. D. 

Proposition XII. 

271. If two quantities be increased or diminished hy 
like parts of each ^ the results will be in the same ratio as the 
quantities themselves. 

Let a and b be any two quantities. 

We are to prove a ±. — a : b ±, - b : : a : b. 

In the proportion, 

ma : mb : : a : b, 

substitute for w, 1 ± - . 

Then (l±?\a:(l±E\b\:a:b, 

or a ±, ?. a : b :t —b : : a : b. 

Q. E. D. 

272. Dbp. Euclid's test of a proportion is as follows : -^ 

" The first of four magnitudes iS said to have the same ratio 
to the second which the third has to the fourth, when any equi- 
multiples whatsoever of the first and third being taken, and any 
equimultiples whatsoever of the second and fourth ; 



i 
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V " If the multiply of the first be less than that of the second, 

tmriUfiUple of the l^hird is also less than that of the fourth ; or, 

** I^the multiple of the first be equal to that of the second, 

the multiple of the third is also equal to that of the fourth ; or, 

" If the multiple of the first be greater than that of the 

' second, the multiple of the third is also greater than that of 

the fourth.'' 

Proposition XIIL 

* 273, If four quardities be proportional according to the? 

algebraical definite, they will aUo dh proportional according 
to Eticlid's definition. 

^ - Leir a, b, c, d l^e pfoportional according to the alge- 

a c 

braical definition ; that is t=^ 3 • 

6 a 

We are to prove a, 6, c, d, proportional according to Euclid! s 
• definition. 

Multiply each latmber of the equality by — . 

Then ma^me 

nh nd 

Now from the nature of fractions, ^ 

if w a be less than nh^mc will also be less than n d \ 

if w a be equal to t^ 6, mc will also be equal \,o nd\ 

m 

if m a be greater than nb, mc will also be greater than n d, 

.*. a, 6, c, d are proportionals according to Euclid's def- 
inition. 

Q. E. D. 
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( 

Exercises. 

1. Show that the straight line which bisects the external 
vertical angle of an isosceles triangle is parallel to the base. 

2. A straight line is drawn terminated by two parallel 
straight lines; through its middle point any straight line is 
drawn and terminated by the parallel straight lines. Show that 
the second straight line is bisected at the middle point of the 
first. 

3. Show that the angle between the bisector of the angle A 
of the triangle ABC and the perpendicular let fall from A on 
BC is equal to one-half the difference between the angles B 
and C, 

4. In any right triangle show that the straight line drawn 
from the vertex of the right angle to the middle of the hypote- 
nuse is equal to one-half the hypotenuse. 

5. Two tangents are drawn to a circle at opposite extremities 
of a diameter, and cut off from a third tangent a portion A B, 
If G be the centre of the circle, show that AC B is 9k right angle. 

6. Show that the sum of the three perpendiculars from any 
point within an equilateral triangle to the sides is equal to the 
altitude of the triangle. 

7. Show that the least chord which can be drawn through a 
given point within a circle is perpendicular to the diameter 
drawn through the point. 

8. Show that the angle contained by two tangents at the 
extremities of a chor^ is twice the angle contained by the chord 
and the diameter drawn from either extremity of the chord. 

9. If a circle can be inscribed in a quadrilateral ; show that 
the sum of two opposite sides of the quadrilateral is equal to the 
sum of the other two sides. 

10. If the sum of two opposite sides of a quadrilateral be 
equal to the sum of the other two sides; show that a circle 
can be inscribed in the quadrilateraL 
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On Proportional Lines. 
Proposition I. Theorem. 

274. If a aeries of parallels intersecting any two 
straight lines intercept equal parts on one of these lines y 
they will intercept equal parts on the other also, 

H W 




Let the series of parallels A A', BB\ CC, Diy, EE', 
intercept on E' K' equal parts A' B, B'C, CD', etc. 

We are to prove 

they intercept on H K equal parts A B, BCj C D, etc. 

At points A and B draw A m and ^ « II to H' K'. 

Am-=^A'B', §135 

(parallels comprehended between parallels are eqtuil), 

Bn = B'C', §135 

.'. Am = Bn. 

In the A BAm and C Bn, • 

ZA=ZB, § 77 

(Tiaving tfmr, sides respectively II arid lying in the same direction from 

th^ vertices). 

Z. m = Z. n, § 77 

and Am = Bn, 

.'. ABAm = AaBn, §107 

(Tiaving a side and two adj. A of the one eqital respectively to a side and 

two adj. A of the other). 

.'. AB = BC, 

(being homxylogous sides of equal k). 

In like manner we may pioye BC=^ G D, etc. 

. Q. E. D. 
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Proposition II. Theorem. 

275. If a line he drawn through two sides of a triangle 
parallel to the third side, it divides those sides jaropor- 
tioyially. 




Pig. 1. Fig. 2. 

In the triangle ABC let EF be drawn parallel to B C. 

EB FC 



We are to prove 



AE AF 



Case I* — When A E and EB {Fig. 1) are com/mensurable. 

Find a common measure of A E and EB, namely Bm. 
Suppose ^ m to be contained in BE three times, 
and in ^ ^ five times. 
EB ^ 3 
TE 5' 



Then 



At Uhe several points of division on B E and A E draw 
straight lines II to B C. 

These lines will divide A into eight equal parts, 

of which FG will contain three, and A F will contain five, § 274 

(if parallels intersecting any two straight lin^s intercept equal parts on one 
of these lines, they vnll intercept equal parts on the other also), 

. FC 3 

• • — ^sz — • 

AF 5 
SB 3 

V 



But 



• • 



AE 

EB ^ FC 
AE AF 



Ax. 1 
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Case. II. — fVTien A E and, EB (Fig. 2) are incomrnenstirabU, 

Divide A E into any number of equal parts, 

and apply one of these parts to ^ J? as often as it will be 
contained ui E B. 

Since A E and E B are incommensurable, a certain number 
of these parts will extend from j& to a point JT, leaving a re- 
mainder KB, less than one of the parts. 

DrawiTJEril to^C. 

Since A E and EK are commensurable, 

EK FH 



AE AF 



(Case I.) 



Suppose the number of parts into which A E\a divided to 
be continually increased, the length of each part will become less 
and less, and the point K will approach nearer and nearer to B. 

The limit of EK will be E B, and the limit of FH will be FC 

,\ the limit of will be , 

AE AE 

and the limit of will be — - . 

A F A F 

W K F S 

Now the variables 3J^ and --— are always equal, how- 

A E AJf 

ever near they approach their limits ; 

.-. their limits ^ and £^ are equal, § 199 

AE AF 

Q. E. D. 

276. Corollary. One side of a triangle is to either part 
cut off by a straight line parallel to the base, as the other side is 
to the corresponding part. 

Now EB : AE :: FO \ AF. § 275 

By composition, 

EB^ AE : AE :: FO-^ AF : AF, § 263 

or, AB : AE :: AC \AF. 
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Proposition III. Theorem. 

277. If a straight line divide two sides of a triangle 
jaroportionallj/j it is parallel to the third side. 

A 




In the tiiangleABC letEF be drawn so that—^—- 

AH AF 

We are to prove KF II to B G. 

From E draw EH II to ^ (7. 

{(TM side of a t^ is to either part cut off by a line II to the base, as the other 

side is to the corresponding part). 

But 44 =^ 4^, Hyp. 



Ax. 1 





AE 


^ AF' 




. AC 


AG 




•■ AF 


AH' ^ 




.'. A F 


=- AH. 


. 


: F F And E ff coincide, 


(their 


exlnmiiies 


being the same poiiUs). 




EHk 


ill to 5(7; 



But EHia II to BO; Coiis. 

.*. EF, which coincides with EJI, is II to B (7. 

Q. E. D. 

278. Dep. Similar Polygons are polygons which have their 
homologous angles equal and their homologous sides proportionaL 

Homologous points, lines, and angles, in similar polygons, 
are points, lines, and angles similarly situated. 



Jk 
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On Similar Polygons. 

Proposition IV. Theorem. 

279. Tioo triangles which are mutually equiangular are 
similar. 



A 



Ai 





In the A ABC and A' B C let A J, B, C he equal to 
A A\ Wy C respectively, 

Wearetoprove AB \ A' B' = AC \ A' C ^ BC \B' G\ 

Apply the A A' B' C 'to #^ ABC, 

so that Z A' shall coincide with Z A, 

Then the A A' B' C wiU take the position oit^AEH, 

Now Z AEH (same as Z ^0 = -^ ^• 

.-. i^^isllto^a, §69 

i^hefjiiti'wo straight lines, lying in the same plane, are eiUby a third straight 
^- ->^ne, if the east. int. A be equal the lines are parallel). 

^^\.\AB : AE =^ AC : Aff, §276 

(pns side of a A is t^itlier part cut off by a line W to the ba^, as live other 

«fe is to the corresponding part). 

Suhstitiite fop A E and A U their equals A' B' and A' C. 
Then JiB : A' B' =- AC \ A'C. 

In like manner we may prove 

AB . A'B =- BC : B' C. 
.'.\he two A are similar. § 278 

Q. E. D. 

280. Cor. 1, Two triangles are similar when two angles 
of the one are equal respectively to two angles of the other. 

281. Cor. 2. Two right triangles are similar when an acute 
angle of the one is equal to an acute angle of the other. 
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Proposition V. Theorem. 

282. Two triangles which have their sides respectively/ 
proportional are similar. 





In the triangles ABC and A' B' C let 

AB _ AC ^ BC^ 

A'B'"^ A'O B'C' 
We are to prove 
A A, B, and C equal respectively to A A'y B\ and C. 

Take offtl B, A E equal to A' B, 

and otlACAH equal to A' C, Draw EH. 

AA = A^, Hyp. 

A'B' A'C ^^ 

Substitute in this equality, for AJ B' and A' C their equals 
AE^yAAH. 

Then ^ = A^. 

AE AH 

.\EH\s II to^C, § 277 

{if a liTie divide two sides of a A proportionally, it is W to the third side). 

Now in the A ui BC and A EH 

ZABC = ZAEH, § 70 

(being east, int angles). 

ZACB = ZAHE, " §70 

Z A =" Z A, Iden. 

.\ A ABC a,nd A EH 8iTe similar, § 279 

{two miUiuilly equiangular A are similar). 

. AB AE 



' BC EH' 

(hoTTVologous sides of similar A are proportional). 



§278 
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But 



AB A'B' 



BG 
AE 



B'C' 
A'Bf 



Hyp. 
Ax, 1 



Cons. 



** EH B'&' 
Since AE^A'B\ 

EH=-B'C'. 

Now in the A ul ^^ and A' B' C", 

EH=^B'C'y AE = A'B', and AH = A'C', 

.-. AAEff=A A'B'C, § 108 

Quimng three aides of the one equal respectively to three sides of the other). 

But A A EH is similar to A ABC. 

.-. A A'B' C is simHar to A ^ ^ C'. 

Q. E. D. 

283. Scholium. The primary idea of similarity is likeness 
of form ; and the two conditions necessary to similarity are : 

I. For every angle in one of the figures there must be an 
equal angle in the other, and 

II. the homologous sides must be in proportion. 

In the case of triangles either condition involves the other, 
but in the case of other polygons^ it does not follow that if one 
condition exist the other does also. 




Q 





Thus in the quadrilaterals Q and ^', the homologous sides 
are proportional, but the homologous angles are not equal and 
the figures are not similar. 

In the quadrilaterals R and J?', the homologous angles are 
equal, but the sides are not proportional, and the figures are not 
similar. 



146 GEOMETRY. — BOOK m. 

Proposition VL Theorem. 

284. Two triangles having an angle of the one equal to 

an angle of the other ^ and the including sides jprojoortional, 

are similar » 

A 
Af 





In the triangles ABC and A' B' C let 

/ A ^ / A' And ^^ — ^ ^ 
^A Z^, and ^^-^^. 

We are to prove M. A BC and A' B' C similar. 

Apply the A A' B' C to the A ^ ^ C so that Z A' shall 
coincide' with Z. A. 

Then the point B' will fall somewhere upon ^ jB, as at E^ 

the point C will fall somewhere upon A G, as at H, and 
B'O'M^onEH. 

TVT AB AC XT 

Ihow -- — = — ^— -. Hyp. 

A'B' A'G' ^^ 

Substitute for A' B' and A' C their equals ^ -fi^ and .i H. 

Then 1^ = ^. 

AE AH 

.•.the line EH divides the sides AB and AC propor- 
tionally ; 

.\EH\B\\ioBC, §277 

(if a line divide two sides of a A proportionally y it is ii to the third side). 

« 

.'. the A ABC and A EH ane mutually equiangularcand similar. 

.'.A A' B' C is similar ioAABC. 

Q. E. D. 
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Proposition YIL Theorem. 



285. Two triangles which have their sides respectively 

» 

parallel are similar. 



B 

B 





a A 

In the triangles ABO and A' B' O let AB.AC, and 
BC be parallel respectively to A' B', A'O, and 
B'C. 

We are to prove A, ABC and A' B' C similar. 

The corresponding A are either equal, § 77 

{two A whose sides are II, two wad two, and lie in the same direction^ or 
* opposite directions, from their vertices are equdS), 

or supplements of each other, § 78 

(jf two A have two sides II and lying in the same direction from their vertices, 

while the other two sides are II and lie in opposite directions, the A are 

suppleTnerUs of each other). 

Hence we may make three suppositions : 

1st. A + A' = 2ji,A, ,^H-J?' = 2rt. ^, e+a'=2rt. A 
2d. A=-A', jB + ^' = 2rt.4 a+(7' = 2rt. A 

3d. A^A', B = B' .\C = C'. 

Since the sum of the A of the two A cannot exceed four 
right angles, the 3d supposition only is admissible. § 98 

.-. the two A ABC and A' B' C ate similar^ § 279 

{pmo mtdually equiangulur ^ are similar), 

Q. E. D. 
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Proposition VIII. Theorem. 

286. Two triangles which have their aides respectively 
perpendicular to each other are similar. 




In the triangles EFD andBA C, let E F, FD and ED^ 
he perpendicular respectively to AC, BC and AB, 

We are to prove ^ E FD and BAC similar. 

Place the AEFD so that its vertex E will fall on A B, 
and the side EF, ± to AC, will cut A C at F\ 

Draw F' D' II to F D, and prolong it to meet i?C at H. 
In the quadrilateral B EiyR, /L E and U are rt. A. ^ 



But /.Ely F' + Z.ED H=2Ti. A. 

.\ZEiyF' = Z.B, 
Now Z.C + ZHF'G=-Tt.Z., 

(j,n a rt. A the sum of the two acute A = art /l) ; 
and ZEF^D^ + ZffF'C-=n,Z. 

.\ZEFiy=Z.a 
.'. A E F ly &nd B A C Are similar. 
But A EFD is similar to A E F D'. 

.'. A E F D and B A C are similar. 



§158 

§34 

Ax. 3. 

§103 

Ax. 9. 

Ax. 3. 
§280 
§279 

Q. E. D. 



287. Scholium. When two triangles have their sides re- 
spectively parallel or perpendicular, the parallel sides, or the 
perpendicular sides, are homologous. 
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Proposition IX. Theorem. 

288. Lines drawn through the vertex of a triangle divide 
jproj^ortionally the base and its parallel. 




In the triangle ABC let HL he parallel to A 0, and 
let BS and BT he lines drawn through its ver- 
tex to the base. 

We are to prone 

AS ^•ST ^ TO 
HO OR RL' • 

ABHOQ.n^BASB.TQ similar, § 279 

{fwo ^ which are mtUtially equiangular are similar), 

ABOR mdBSTa,Te similar, § 279 

ABRLsLudBTCare similar, § 279 

• -^ = (^\ = ^ = (?J^ ^TC^ 5 278 
*' HO \0B/ OR \BR/ RL' 

* {homologous sides of similar A are proportional). 

Q. E. D. 



Ex. Show that, if three or more non-parallel straight lines 
divide two parallels proportionally, they pass through a common 
point. 
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Proposition X. Theorem. 

289. If in a right triangle a perpendicular he drawn 
from the veftex of the right angle to the hypotenuse : 

I. It divides the triangle into two right triangles which 
are similar to the whole triangle, and also to each other. 

II. The perpendicular is a mean proportional between 
the segments of the hypotenuse, 

III. Each side of the right triangle is a mean pro- 
portional between the hypotenuse and its adjacent segment. 

rV. The squares on the two sides of the right triangle 
have the same ratio as the adjacent segments of the hypote^ 
nuse. 

V. The square on the hypotenuse has the same ratio to 
the square on either side as the hypot-emise has to the segrtent 
adjacent to that side. 

B 




In the Tight triangle ABC, tet B F be drawn from the 
vertex of the right angle B, perpendicular to the 
hypotenuse A C. 

♦ 

I. We are to prove 

the A ABF, ABC, and FBC similar. 

In the It. ABAF and BAC, 

the acute Z -4 is common. 

.'. the A are similar, § 281 

(two rt A are similar when an acute Z. of the one is equal to an acute A 

of 'the other). 

In the Tt, ABCF&ndBCA, ^ 

the acute Z (7 is common. 

.*. the A are similar. § 281 

Now as the* rt. A ABF and C BI' are both similar to 
AB C,hj reason of the equality of their A, 

they are similar to each other. 
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II. We are to prove A F : BF w BF : FG. 

In the similar ^ ABF fiJi^C BF, 

A Fj the shortest side of the one, 
: B Fj the shortest side of the other, 
: : B F, the medium side of the one, 
: F (7, the medium side of the other. 

III. We are to prove AC : AB : : AB : AF. 

In the similar A ABC and ABF, 

A Cy the longest side of the one, 
A B, the longest side of the other, 
A B, the shortest side of the one, 
A F, the shortest side of the other. 

Also in the similar A A BC and FB C, 

A C, the longest side of the one, 
B C, the longest side of the other, 
B (7, the medium side of the one, 
F C, the medium side of the other. 

IV. We are to prove = . 

:b^ Fc 

In the proportion AC \ AB \ \ AB : AF, 

£^ = ACXAF, § 259 

(the product of the extremes is equal to tJve produd of the tneans^ 

and in the proportion AC : BC : : BC i FG, 

FTf^ACXFG. §259 

Dividing the one by the other, 

I^ ^ ACXAF 

•g^2 ^ ACX FC' 

Cancel the common factor A C, and we have 

jrff AF 



BW J^O' 

r& AG 



y. We are to prme 

A^ ^^ 

A^^ACXAG. 

Tff^ ACXAF, (Casein.) 

Divide one eqiiation by the other : 

then ^ - AGXAC ^ AG 

3^ ACXAF AF' Q.E.D. 
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•Proposition XI. Theorem. 

290. If two chorda intersect each other in a circle^ their 
segments are reciprocally proportional. 



Let the two chords AB and EF intersect at the 
point 0. 

We are to prove AO : HO :: OF : OB. 

Draw A F And F B. 

lutheAAOFsLTidFOBy 

ZF=ZB, §203 

{each being measured by i arc A E), 

ZA^'Z.E, § 203 

{each being measured by i arc FB), 

.'. the A are similar. § 280 

{two A are similar wJven two A of the otic are equal to two A of the other). 

Whence A 0, the medium side of the one, § 278 

: F 0, the medium side of the other, 
: : F, the shortest side of the one, 
: B, the shortest side of the other. 

Q. E. D. 
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Proposition XIL Theorem. 

291. If from a point without a circle two secants he 
drawTiy the whole secants and the parts without the circle 
are reciprocally proportional. 




Let OB and OC he two secants drawn from, point 0. 
We are to prove OB : 00 : : OM : OH. 

Dmw HO and MB. 

Inthe A EC B.nd MB 

Z is common, 
ZB = ZC, § 203 

(each being measured by i arc HM). 

.*. the two A are similar, § 280 

(pwo A are similar when two A of the one are eqtuil to two A of the other). 

Whence OB, the longest side of the one, § 278 

: 0, the longest side of the other, 
: : M, the shortest side of the one, 
: ff, the shortest side of the other. 

Q. E. D. 
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Proposition XIII. Theorem. 

292. If from a point without a circle a secant and a 
tangent he dravm, the tangent is a mean proportional between 
the whole secant and the part without the circle. 






Let. OB he a tangent and 00 a secant drawn from 
the point to the circle MB G. 

Wearetoprov^ 00 : OB :: OB : OM. 

Dmw BM&ndBG. 

Inihe A OBM And OB 

Z is common. 

Z OBM is measured by J arc MB, § 209 

(being an Z formed by a tomgent and a chord), 

Z O is measured by J arc ^ Jf, § 203 

{being an inscribed Z ). 

.\Z OBM=Z O. 

.'. A BO and OBM are similar, § 280 

(Tiaving two A of the one equal to two A of the othen). 

Whence (7, the longest side of the one, § 278 

By the longest side of the other, 

B, the shortest side of the one, 

M, the shortest side of the other. 

Q. E. D. 
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Proposition XIV. Theorem. 

293. If two polygons he composed of the same number 
of triangles which are similar, each to each, and similarly 
placed, then the polygons are similar. 





B C B Cr 

In the two polygons ABODE and A'B'C'D'E', let 
the triangles BAE, BEC, and GED be similai 
respectively to the triangles B' A' E', B' E' C\ and 

a E' D'. 

We are to prove 
the pdygon ABODE similar to the polygon A' B' 0' D' E'. 



AA^AA', 

(being Jumwlogous A of similar ^ ). 



§278 

Z ABE = ZA'B'E', §278 

AEBO = Z.E'B'0', §278 

Add the last two equalities. 

Then Z ABE + Z. E BO = Z. A' B' E' + Z E B' 0' -, 

or, ZABO=^ZA'B'0'. 

In like manner we may prove Z BO D = Z B' 0' D', etc. 
.'. the two polygons are mutually equiangular. 

^ AE AB (EB\BO _(EO\__OD ^ED 
A^'~"A^'^\EB')'^B'0' \E'0') 0' D' E' D'' 

(the homologoiLS sides of similar A are proportional). 

.'. the homologous sides of the two polygons are proportional. 

.'. the two polygons are similar, § 278 

(Jiaving their htmiologovs A equals and their homologous sides proportional), 

Q. E. D. 
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Pjroposition XT. Theorem. 

294. If two polygons be similar, they are composed of 
the same number of triangles , which are similar and similarly 
placed* 





Let the polygons ABODE and A'B'C lyE' be similar. 

From two homologous vertices, as E and E\ 

draw diagonals EB, EC, and E B'y E O. 

We are to prove AAEB, EBC,ECD 

similar respectively to A A' E B', E' B' C, E O D*. 

In the A A EB and A' E B', 

ZA = ZA', § 278 

(being Tiomologous /i of similar polygons), 

A^^AB_ J 278 

A'E A'B'' 
(being hortiologous sides of similar polygons), 

.'.A A EBsiiid A'EB' are similar, § 284 

{kavivjg an /. of the one eqical to an /. of the other, and (ha including 

sides proportional). 

Also, ZABC=Z.A'B'0, 

{being homologoits A of similar polygons). 

A ABE^Z. A'B'E', 

(being homologaiis A of similar A ). 

.\Z.ABC-ZABE = Z A'B'C - Z. A'B'E'. 
That is ZEBC==ZEB'G'. 
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Now 



EB 



AB 
A'B'' 



also 



E' B' 
(^ng homologaus sides of similar A ) ; 

BG ^ AB 

WC' A' B' ' 
(being hovnologous sides of similar polygons), 

. EB BO 



E'B' 



B'C 



Ax. 1 

§284 



.-. A EB C and E'B* C are similar, 

(Tiaving an Z of the one equal to an Z of the other, and the indtiding sides 

proportional). 

In like manner we may prove AECB similar to A E' C'ly. 

Q. E. D. 

« 
Proposition XVI. Theorem. 

295. The jperimeters of two similar polygons have the 
same ratio as any two homologous sides, 

E 





EC Bf Cf 

Let the two similar polygons he ABODE a.ndA'B'C'D'E, 
and let F and P' represent their perimeters. 

P : P* :: AB : A' B', 



We are to prove 

AB : A'B' :: BO : B'C* :: OD : 0' D' etc. 
{the homologous sides of similar polygons are proportional). 



§278 



§266 



r.AB-^ BO, etc. : A'B' + B'O', etc. : : AB : A'B', 
(in a series of equal ratios the su^m of the antecedents is to the sum of the 
conseqtcents as any antecedent is to its consequent). 



That is 



P : P' :: AB : A' B'. 



Q. E. D. 
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Proposition XVII. Theorem. 

296. The homologous altitudes of two similar triangles 
have the same ratio as any two homologous sides. 





In the two similar triangles ABC and A' B' C\ let 
the altitudes be BO and B'O'. 



We are to prove 



^ BO 



^0* 



AB 
A' B' 



In the rt. A jBOil and B'X)' A', 

ZA=ZA' /§ 278 

(being homologous A of the similar ^ AB C and A* & C%' 

.'.ABOAsLndAB'O' A' are similar/ § 281 

(tioo rt. iti having an acute A of the one equal to an acute Z of the other are 

similar), 

•\ their homologous sides give the proportion 



BO 

B'O' 



AB 
A'B' 



Q. E. D. 



297. Cor. 1. The homologous altitudes of similar triangles 
have the same ratio as their homologous bases. • 
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In the sinular A ABC amd A' B' C, 

AC ^ AB_ 

A'C A'B'' 

(the Tiomologous sides of similar A are proportional). 

And in the sinular A B A &nd B' 0' A\ 

BO _ AB_ 
B'O' ~" A' B'' 

• B^ = A^ 

^' BC" A'C' 



§278 



§296 



Ax. 1 



298. Cor. 2. The homologous altitudes of similar triangles 
have the same ratio as thei^erimeters. 

Denote the perimeter of the first by P, and that of the 
second by F', 

Then ^ ^ ^ 



.a. ju&vyx& 




— ; — • • V ^%J\M 


(<J6 perimeters of 

r 


two 


similar polygons have the sajm raiio as any two 
homologoiLs sides). 


4 

\ 




^^=^^ ^^ 


\ 

\ 




" B'O' B' 


\ 







Ex. 1. If any two straight lines be cut by parallel lines, 
show that the corresponding segments are proportional. 

2. ^f the four sides of any quadrilateral be bisected, show that 
the lines joining the points of bisection will form a parallelo- 
gram. 

3. Two circles intersect; the line AH KB joining their 
centres A, B, meets them in H, K, On ^ ^ is described an 
equilateral triangle ABC, whose sides BC, AC, intersect the 
circles in F, E. F E produced meets B A produced in P, Show 
that as PA is to PiT so is CF to C.E, and so also is PH to PB. 
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Proposition XYIII. Theorem. 

299. In any triangle the product of two sides is equal 
to the product of the segments of the third side formed hy the 
bisector of the opposite angle together with the square of the 
bisector. 




E 

Let ZBACoftheAABChe bisected by the straight 
line AD. ' ' 

We are to prove BAXAC = BDXDC-\'AD\ 

Describe the O ^ J? (7 about the A ^1 ^ (7; 

produce A D to meet the circumference in E, and draw E C. 

Then in the AABD and AEG, 

ZBAI) = ZCAE, Hyp. 

ZB = Z E, § 203 

{each, "being measured hy i the arc A C)\ 

.'. A A B D ajid A E C axQ similar, § 280 

(two ^ a/re simUar when two A of the one are equal respectively to ttoo A 

of the other). 

Whence BA, the longest side of the one, 
; E A^ the longest side of the other, 
: : AD, the shortest side of the one, 
: A C, the shortest side of the other ; 

or, :^4 = — . §278 

EA AG ^ 

{homologous sides of similar i^ are proportional). 

.\BAXAG = EAXAD. 
But EAXAD = (ED + AD)AD^ 

.\BAXAG==EDXAD + AD\ 

But ^ EDXAD=-BDXDG, §290 

(phe segments of two chords in a O which intersect each other a/re 

reciprocally proportional). 

Substitute in the above equahty BD X DG fov ED X A D, 
then BAXAG = BDXDG + AD". 

Q. E. D. 
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Proposition XIX. Theorem. 

300. In any triangle the product of two sides is equal to 
the jaroduct of the diameter of the circumscribed circle by the 
perpendicular let fall upon the third, side from the vertex of 
the opposite angle. 




Itet ABC be a triangle, and AD the pezpendiculai 
from A to BC. 

Describe the circumference ABC about the ^ ABC. 

Draw the diameter A E, and draw E 0, 

We are to prove BAXAC = EAXAD. 

lathe A ABDsLndAEC 

A BD A isart. Z, Cons. 

Z^(7^isart. Z, §204 

(bmig inscribed in a semicircle). 

.\Z.BDA=Z.ECA. 

/.B = /.E, § 203 

{each heitig measured by i the arc A (J). 
.'. A ABD Bind AEC a,Te similar, § 281 

(two rt. A having an actde Z of the one equal to an actcte A of (he other a/re 

similar). 



Whence 



or. 



BA, the longest side of the one, 
E A, the longest side of the other, 
AD, the shortest side of the one, 
A C, the shortest side of the other ; 

BA ^ AB 
TA" AC' 

\BAXAC = EAXAD. 



§278 



Q. E. D. 
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•^. 



Proposition XX. Theorem. 



301. The product of the two diagonals of a quadrilateral 
inscribed in a circle is equal to the sum of the products of its 
opposite sides. 




Let ABC D be any qnadiilaieTal inscribed in a circle, 
AC and BD its diagonals. 

We are to prove BD XAQ^ABXCB + ABXBC. 

Construct ZABB = Z1)BC, 

and add to each A EBD, 

Then in the ^ABB^tABCE, 

Z.ABD = Z.CBE, Ax. 2 

and - Z BDA=Z. BGE, §203 



; 4.BDA=Z.BCE, 

(each being measured by i tTie arc A B), 



§ 280 



.\ A. A B D and BC E, are similar, 

(two A are similar when two A of the one are equal respectively to two A 

of the other). 

Whence A D, the medium side of the one, 
C E, the medium side of the other, 
B Dy the longest side of the one, 
B C, the longest side of the other. 
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or. 



AB BD 



CE EC 
(flie homologaua sides of similar A are proportional), 

.\BDXCE=-ADXBC. 

Again, in the A ^ J? ^ and jB (7 i>, 

Z.ABE = ZDBG, 

and Z.BAE-=ZBDC, 

{each being measured by i of the arc BO), 



§278 



Cons. 
§203 



.-. A u4 5 ^ and jB (7 J9 are similar, § 280 

(pwo ^ are similar when two A of the one are equal respectively to two A 

of the other). 

Whence A B, the longest side of the one, 
B JD, the longest side of the other, 
A E, the shortest side of the one, 
CD, the shortest side of the other. 

AB ^ AE 
BD CD' 

(the homologmis sides cf similar ^ are proportionat), 

.\BDXAE = ABX CD. 
But BDXCE = ADXBC, 

Adding these two equalities, 

« 

BD{AE+ CE) = ABX CD-\- ADXBC, 
or BDXAC = ABXCD + ADXBC. 



or. 



§ 278 



Q. E. D. 



Ex. If two circles are tangent internally, show that chorda 
of the greater, drawn from the point of tangency, are divided 
proportionally by the circumference of the less. 
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On Constructions. 
Proposition XXL PROBLEai. 
302. To divide a given straight line into equal jparts. 



A^r::::^ 7 7 jB 

/ 

r 



/ 
/ / 

/ 
/ 
/ 
/ 






Let AB he the given stiaight line. 

It is required to divide A B into equal parts. 

From A draw the indefinite line A 0, 

Take any convenient length, and apply it to -4 as many 
times as the line ^ ^ is to be divided into parts. 

From the last point thus found on A 0, as C, draw C B. 

Through the several points of division on A draw lines 
II to CB. 

These lines divide A B into equal parts, § 274 

(if a series of \\s intersecting any two straight lines, intercept equal parts 
on one of these lines, they intercept equaZ parts on Uie other also), 

Q. E. F. 



Ex. To draw a common tangent to two given circles. 

I. When the common tangent is exterior, 

II. When the common tangent is interior. 
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Proposition XXTL Problem. 

303. To divide a given straight line into jparU jarO' 
portional to any number of given lines, 

H K B 



C^^ 


\ 

\ 

\ 


t 
t 

\ 

« 
% 
« 

\ 




^ 


""--4 


■ 


^ 


ij*-^ 



m 



n 



Let A B, m, n, and o be given straight lines. 

It is required to divide A B into parts proportional to the 
given lines m, n, and o. 

Draw the indefinite line A X, 

On A X take AC = my 

CE = n, 
and EF=o. 

Draw FB. From E and G draw ^^ and CiT II to FB. 
K and H are the division points required. 

For f^) = ^=^=^, §275 

\AE) AG GE EF' ^ 

{a lint dravm through two sides o/ a A II to the third side divides those 

sides proportionaUy), 

.\AR : HK : KB M AG \ GE : E F, 

Substitute m, n, and o for their equals AG, G Ey and E F, 
Then AH : HK : KB : : m : n : o. 

Q. E. F. 
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Pboposition XXIIL Pboblem. 

304. To find a fourth proportional to three given 
straight lines. 

B F m 






*^-. f 



I 
I 

I 

I 

I 



n 






Let the three given lines be m, n, and o. 

It is required to find a fourth proportional to w, n, and o. 

Take A B equal to n. 

Draw the indefinite line A 2?, making any convenient j^ 
with AB, 

On AR take A0=7n, and C S^= o. 
Draw CB. 
From S draw SF II to C7^, to meet A B produced at F. 

B Fis the fourth proportional required. 

For, AC : AB :: CS : BF, § 275 

(a line dravm thrcyagh two sides of a tW\ to the third side divides those sides 

proportixyiuilly). 

Substitute m, n, and o for their equals AC, A By and C S. 

Then m : n : : o : BF. 

Q. E. F. 
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Proposition XXIY. Problem. 

305. To find a third proportional to two given straight 

lines. 

A 



A B 

A ( 




Let A B and AG he the two given straight lines. 
It is required to find a third proportional to AB and A C. 
Place A B and -4 (7 so as to contain any convenient Z. 
Produce AB to J), making BD = AG. 

Join BG. 
Through 2> draw D E W to BG to meet A G produced at E, 

GE 13 a. third proportional to ^ j5 and AG. § 251 

{a line drawn thrcmgh two sides o/a A II to the third side divides those sides 

proportionally). 

Substitute, in the above equality, A G for its equal B D -j 

Then 4^ = ^, 

AG GE' 

or, AB \ AG \\ AG '. GE. 

Q. E. F. 
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lines. 



Proposition XXV. Problem. 
306. To find a mean jprojportional between two given 




m 



n 



Let the two given lines be m and n. 
It is required to find a mean proportioned between m and n. 
On the straight line A E 

take AC = m, and C B = n. 
On ^ ^ as a diameter describe a semi-circumference. 

At C erect the ± C ff. 

C II 13 a. mean proportional between m and n. 

Draw HB and HA. 

TheZAHBiaa, rt. Z, § 204 

{being inscribed in a semicircle), 

and HC 13 a ± let fall from the vertex of a rt. Z to the 
hypotenuse. 



.\AC : CH :: Off : C B, 



§289 



{the X let fall from the vertex of the rt. Z. to the hypotenuse is a mean pro- 
j)ortional between the segments of the hypotewuse). 

Substitute for A C and C B their equals m and n. 



Then 



m : C H \ : C II : n. 



Q. E. F. 



307. Corollary. If from a point in the circumference a 
perpendicular he drawn to the diameter, and chords from the point 
to the extremities of the diameter, the perpendicular is a mean pro- 
portional between the segments of the diameter, and each chord is a 
m£an proportional between its adjacent segment and the diameter. 
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Proposition XXVI. Problem. 

308. To divide one side of a triangle into, two joartt 
proportional to the other two sides. 




B E 

Let ABC be the triangle. 

It is required to divide the side B C into ttoo stick parts that 
the ratio of these two parts shall equal the ratio of the other two 
sides, A C and A B, 

Produce CAtoF, making AF = AB, 

Draw FB, 
From A draw ^ ^ II to FB. 

E is the division point required. 

For 9A. = ^. § 275 

AF EB ^ 

(a line drawn through two sides of a AW to the third side divides those sides 

propo^'tionally). 

Substitute for A F its equal A B. 

CA CE 



Then 



AB EB 

aE. F. 



309. Corollary. The line A E bisects the angle CAB. 
For ZF=^ABF, §112 

(being opposite equal sides). 

ZF=^ZCAE, §70 

(being ext.-int. A ). 

ZABF = ZBAE, §68 

(beiiig alt. -int. A). 

.'.ZCAE = ZBAE. Ax. 1 

310. Def. a straight line is said to be divided in extreme 
and mean ratio, when the whole line is to the greater segment 
as the greater segment is to the less. 
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Proposition XXYII. Proble3£. 
311. To divide a given line in extreme and mean ratio » 




Let AB be the given line. 

It is required to divide A B in extreme and mean ratio. 

At B erect Sk 1. B 0, equal to one-half of A B, 

From (7 as a centre, with a radius equal to C B, describe a O. 

Since ul^ is X to the radius GB a,t its extremity, it ig 
tangent to the circle. 

Through G draw A B, meeting the circumference in E and J). 



0nABtak6AH=^AE. 
H is the division point of AB required. 

For AD : AB :: AB : AE, §292 

(if from a point without the circumference a secant and a tangent he draton, 
the tangent is a mean proportional between the whole secant and the part 
without the circvmference). 

Then AB — AB \ AB \ \ AB — AE \ AE. §265 
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Since AB = 2CB, ^ Cons. 

and ED = 2GB, 

(flu diameter ofaO being tunce the radius), 

AB^ED. Ax. 1 

.\AD- AB = AD-ED = AE. 

But AE = AH, Cons. 

.'.AD- AB=^AH. Ax. 1 

Also AB-AE = AB-AH-=HB. 

Substitute these equivalents in the last proportion. 

Then AH \ AB w HB : A H. 

Whence, by inversion, AB : AH :: AH : HB. § 263 

.'. il ^ is divided at JJ in extreme and mean ratio. 

Q. E. F. 

Remark. -4^ is said to be divided at H, internally , in 
extreme and mean ratio. If i? -4 be produced to H', making 
A H' equal to AD, A B is said to be divided at H, externally, 
in extreme and mean ratio. 

Prove AB : AH w AH' : H' B. 

When a line is divided internally and externally in the 
tame ratio, it is said to be divided harmonicaUy. 

Thu8-^J5 ± f f ^ is divided harmoni- 
cally at G and D, i£ A :GB ::DA :DB ; that is, if the ratio 
of the distances of G from A and B is equal to the ratio of the 
distances of D from A and B. 

This proportion taken by alternation gives : 

AG :AD : :BG :BD ; that is, GD is divided harmoni- 
cally at the points B and A. The four points A, B, G, D, are 
called harmonic points ; and the two pairs A, B, and G, D, are 
called conjugate points. 



Ex. 1. To divide a given line harmonically in a given ratio. 
2. To find the locus of all the points whose distances from 
two given points axe in a given ratio. 
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Proposition XXVIIL Problem. 

312. Ujpon a given line homologous to a given side of a 

given polygon, to construct a polygon similar to the given 

polygon. 

E 





B C 

Let A' E' be tb,e given line, homologous to A E of the 
given polygon ABODE, 

It is required to construct (m A' Ef a polygon similar to the 
given polygon. 

From E draw the diagonals E B and EC, 

From E' draw E' B\ making Z A' E[F = Z AEB, 

Also from A' draw A' B', making Z B' A' E' = Z BAE, 

and meeting E' B' at B'. 

The two ^ ABE and A' B' E' are similar, § 280 

{pwo ^ are similar if they have two A of the one equal respectively to two A 

of the other). 

Also from E' draw E'C, making Z B E' C =- Z B E C. 
From B draw B' C, making Z E' B' C ^ Z EBOy 

and meeting E' C at C 

Then the two A EBC and E' B' O are similar, § 280 

{}v>o ^ are similar if they have two A of the (me equal respectively to ttoo A 

of the other). 

In like manner construct A E' C B' similar to A E D, 

Then the two polygons are similar, § 2^3 

ipwo polygons composed of the sarne number of ^ similar to each other and 

similarly placed^ are similar). 



/. A' B' C ly E' \& the required polygon. 



Q. E. F. 
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Exercises. 

1. A BCis a. triangle inscribed in a circle, and B D is drawn 
to meet the tangent to the circle at A in 2>, at an angle A B D 
equal to the angle ABC; show that A C is a, fourth propor- 
tional to the linea B I), A £>, A B. 

2. Show that either of the sides of an isosceles triangle is a 
mean proportional between the base and the half of the segment 
of the base, produced if necessary, which is cut off by a straight 
line drawn from the vertex at right angles to the equal side. 

3. ^ ^ is the diameter of a circle, D any point in the circum- 
ference, and C the middle point of the arc AD. If AC, A Z>, 
B G he joined and A D cut B C in E, show that the circle cir- 
cumscribed about the triangle ABB will touch A G and its 
diameter will be a third proportional to B G and A B, 

4. From the obtuse angle of a triangle draw a line to the 
base, which shall be a mean proportional between the segments 
into which it divides the base. 

5. Find the point in the base produced of a right triangle, 
from which the line drawn to the angle opposite to the base 
shall have the same ratio to the base produced which the per- 
pendicular has to the base itself. 

6. A line touching two circles cuts another line joining their 
centres ; show that the segments of the latter will be to each 
other as the diameters of the circles. 

7. Required the locus of the middle points of all the chords 
of a circle which pass through a fixed point. 

8. is a fixed point from which any straight line is drawn 
meeting a fixed straight line at P ; in P a point Q is taken 
such that 6 is to P in a fixed ratio. Determine the locus 
of Q. 

.9. is a fixed point from which any straight line is drawn 
meeting the circumference of a fixed circle at P ; in P a point 
Q is taken such that Q iaio P in a fixed ratio. Determine 
the locus of Q. 
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COMPARISON AND MEASUREMENT OP THE SUR- 

PACES OP POLYGONS. 

Proposition I. Theorem. 

313. Two rectangles having equal altitudes are to each 
other as their bases. 



D 
































C D 




























O 







E 



Let the two rectangles be AC and A F, having the 
the same altitude A D, 



We are to prove 



rect. A C 
rect. A F 



AB 
AE 



Case I. — When A B and A E are commensurable. 

Pind a commou divisor of the bases A B and AE, aa AO, 
Suppose -4 to be contained in AB seven times and in 



A E four times. 
Then 



AB 
AE 



7 
4 



At the several points of division on AB and A E erect Js . 

The rect. A C will be divided into seven rectangles, 

and rect. A F will be divided into four rectangles. 

These rectangles are all equal, for they may be applied to 
each other and will coincide throughout. 

. T%ciAC ___ 7 

* * rect ^ J^ ~ 4 ' 

AB 7 

4 

AB 



But 



AE 

rect A C 



■ • 



rect ^ i?' A E 
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Case II. — JVhen A B mid A E are incommensurable. 



D 



■ ■■II 

■ III! 

I I I I I 

! * ! ! ' 

I • I • I 

> I I ■ I 

i 1 i M 



D 



^ F 



B 



\ 

! 
















1 














1 


1 








I 












1 


' 


1 



K 



E 



Divide A B into any number of equal parts, and apply one 
of these parts to -4 .^ as often as it will be contained in A E. 

Since A B and A E are incommensurable, a certain number 
of these parts will extend from ^ to a point iT, leaving a re- 
mainder KE less than one of these parts. 

Draw .i^^ II to^i^. 

Since A B and -4 Z are commensurable, 

^^^^- ^ ^ = ^, Ca^e 1 

rect. AC AB 

Suppose the number of parts into which AB\& divided to 
be continually increased, the length of each part will become less 
and less, and the point K will approach nearer and nearer to E, 

The limit oi AK will be A E^ and the Hmit of rect. A R 
will be rect. A F. 

.-. the limit of £^ wiU be :^, 

AB AB' 

and the Hmit of E?^^i^ will be ''"^- ^ ^ 



rect. A 



rect. A G 



Now the variables and ! are always equal 

AB rect. ^(7 ^ ^ 

however near they approach their limits ; 

.'. their limits are equal, namely, ^^^^ = § 199 

^ ' ^' rect. ^(7 AB ^ 

Q. E. D. 

314. Corollary. Two rectangles having equal bases are 
to each other as their altitudes. By considering the bases of 
these two rectangles A D and A D, the altitudes will be -4 ^ and 
A E. But we have just shown that these two rectangles are to 
each other as ^ ^ is to ^ ^. Hence two rectangles, with the 
same base, or equal bases, are to each other as their altitudes. 
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Another Demonstration. 

Let A C and A' C be two rectangles of equal altitudes. 
PC O pi 




FED 



We are to prove 



rect. A C 



A' D' Ef Ff G' 



AD 



rect. A' C A' D' 



Let h and 6', S and S' stand for the bases and ai-easof these 
rectangles respectively. 

Prolong A D and A! U. 

Take AD, D Ey E F , . . . wi in number and all equal, 
and A'D', D' E', E' F, FG' . . . , nm number and all equal 
Complete the rectangles as in the figure. 



Then 


base A F — mh, 


and 


haseA^G^ — w6'; 




rect. AP — m S, 


and 


xect A'F=nS\ 



Now we can prove by superposition, that if AFhe^ A' G^, 
rect. A P will be > rect. A' P' ; and if equal, equal ; and if less, 
less. 

That is, if m6 be > nh', mS is > nS' ; and if equal, 
equal ; and if less, less. 



Hence, 



h : 1/ :: S : JS*, EucHd's Def., § 272 



a E. D. 
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Proposition II. Theorem. 

315. Two rectangles are to each other as the products of 
their bases hy their altitudes. 






b b' b 

Let R and R' be two rectangles, having tor their bases 
h and 6', and for their altitudes a and a'. 

177- J ^ a X b 

We are to prove 



§314 



§313 



B a' X 6' 

Construct the rectangle S, with, its base the same as that 
of R and its altitude the same as that of R\ 

Then * f = ^, 

o a' 

{rectcmgles Tum/ng the same base are to each other as their altitudes) ; 

and -- = - , 

R' b' 

(rectangles having the same altitude are to each other as their bases). 

By multiplying these two equalities together 

R _ aX b 
R' ~" a' Xb'' 

Q. E. D. 

316. Dep. The Area of a surface is the ratio of that surface 
to another surface assumed as the unit of measure. 

317. Dep. The Unit of measure (except the acre) is a square 
a side of which is some linear unit ; as a square inch, etc. 

318. Dep. Equivalent figures are figures which have equal 
areas. 

Rem. In comparing the areas of equivalent figures the 
symbol ( = ) is to be read "equal in area." 
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Proposition III. Theorem. 

319. The area of a rectangle w eqiud to the product 
of its base and altitude. 





b 1 

Let R he the rectangle, h the base, and a the alti- 
tude ; and let U be a square whose side is the 
linear unit. 



We are to prove the area of E = a X h. 

E _ aXb 



§ 315 



"1X1' 
{t'ux> rectangles are to each other as the product of their bases and altitudes). 



But 



— is the area of B, 
.'. the area of i? = a X 6. 



§316 



Q.E.D. 



320. Scholium. When the base and altitude are exactly 
divisible by the linear unit, this proposition is rendered evident 
by dividing the figure into squares, each equal to the unit of 



• 
* 

I — t — ♦. — *. ... 

1 

! 

• 

; 

• 
• 

T * -t •♦'—— 

• 
• 

[ 







measure. Thus, if the base contain seven linear units, and the 
altitude four, the figure may be divided into twenty-eight 
squares, each equal to the unit of measure; and the area of 
the figure equals 7X4. 



COMPAKISON AND MEASTTREMENT OP POLYGONS. 179 



Proposition IV. Theorem. 

321. The area of a parallelogram is equal to the product 
of its base and altitude, 
BE C F 




A D 

Let A EFD be a parallelogTSLm, A D its base, and CD 
its altitude. 

We are to prove tlie area of the CD A EFD = ADXCD, 

From A draw AB W io DC to meet FE produced. 

Then the figure ABC D will be a rectangle, with the same 
base and altitude as the EJ AE F D. 

In the rt. A ^ ^^ and CDF, 

AB=^CD, §126 

(peing apposite sides of a rectangle), 

and AE = DF, §134 

(being opposite sides o/a CJ) ; 

.\AABE = ACDF, §109 

(ttffo rt, A are equdiy when the hypotenuse and a side of the one are equal 
respectively to the hypotenuse and a side of the other). 

Take away the A C D F and we have left the rect. ABC D, 

Take away the A ^ ^ J^ and we have left the O AEFD. 

.'.lect, A BCD = 10 A EFD, Ax. 3 

But the area of the rect. ABCD = ADXCD, §319 
{th^ area of a rectangle eqtuils the product of its base and altitude), 

.'. the area of the O A EFD = A D X C D,. Ax. 1 

Q. E. D. 

322. Corollary 1. Parallelograms having equal bases and 
equal altitudes are equivalent. 

323. Cor. 2. Parallelograms having equal bases are to 
each other as their altitudes ; parallelograms having equal alti- 
tudes are to each other as their bases ; and any two parallelo- 
grams are to each other as the products of their bases by their 
altitudes. 
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Proposition V. Theorem. 

324. The area of a triangle is equal to one-half of the 
product of its base by its altitude. 



A B"' D 

Let ABC be a triangle, AB its base, and CD its 
altitude. 

We are to prove the area of the A ABC = ^ AB X CD. 

From C draw C ZT II to ^ B. 

rrom A draw AE W to BC. 

The figure ABC His a. parallelogram, § 1 36 

{having its opposite sides parallel), 

and -4 (7 is its diagonal. 

.\AABC = AAHC, §133 

(the diagonal of a CD divides it into two eqital A ). 

The area of the O ABC H is equal to the product of its 
base by its altitude. § 321 

.*. the area of one-half the O, or the A AB C, is equal to 
one-half the product of its base by its altitude, 

or, \ABXCD. 

Q. E. D. 

325. Corollary 1. Triangles having equal bases and equal 
altitudes are equivalent. 

326. Cor. 2. Triangles having equal bases are to each other 
as their altitudes ; triangles having equal altitudes are to each, 
other as their bases ; any two triangles are to each other as the 
product of their bases by their altitudes. 



COMPABISON AND MEASUEEMENT OP POLYGONS. 181 



Proposition VI. Theorem. 

327. The area qf a trapezoid is equal to one-half the 
sum of the parallel sides multiplied hy the altitude, 

H E C 




A F B 

Let ABC H be a trapezoid, and EF the altitude. 

We are to prove area ofABCH= \ (EG -{- AB) E F. 

Draw the diagonal A G. 

Then the area of the A ^ ^C = ^ 5^C X EF, § 324 
{the area of a A is equal to one-half of the product of Us hose by its altitude), 

and the area of the A ^ J? (7 = J ^ jB X E F, ' § 324 
.'.AAHC-^- AABG, 
or, B,TQ2i oi A B C H = 1{H G ^- A B) E F. 

Q. E. D. 

328. Corollary. The area of a trapezoid is equal to the 
product of the line joining the middle points of the non-parallel 
sides multiplied by the altitude ; for the line P, joining the 
middle points of the non-paraUel sides, is equal to \ {H G 
'\-AB), §142 

.'.by substituting P for J (J7 (7 + A B), we have, 

the area oiABGH=OPXEF. 

329. Scholium. The area 
of an irregular polygon may be 
found by dividing the polygon 
into triangles, and by finding 
the area of each of these tri- 
angles separately. But the 
method generally employed in 
practice is to draw the longest 

diagonal, and to let fall perpendiculars upon this diagonal from 
the other angular points of the polygon. 

The polygon is thus divided into figures which are right 
triangles, rectangles, or trapezoids ; and the €ireas of each of these 
figures may be readily found. 
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Proposition YII. Theorem. 

330. The area of a circumscribed polygon is equal to one- 
half the product of the perimeter by the radius of the in- 

scribed circle. 

B 

^^' 




Let ABSQ, etc, he a circnmscribed polygon, and G 
the centre of the inscribed circle. 

Denote the perimeter of the polygon by P, and the radius 
of the inscribed circle by E. 

We are to prove 

the area of the circumscribed polygon = ^ P X B* 

DmwCA, C£, CS,etc.; 

also draw G 0, GB, etc., JL to A B, BS, etc. 

The area of the A GAB = ^ AB X G 0, § 324 

{the area of a A is equal to one-half the prodvxA of its hose and altitude). 

The area of the A C^/S' = J J5 /S' X Ci>, § 324 

.'. the area of the sum of all the A GAB, G B S, etc., 
= ^{AB + BS,etG.)GOy §187 

{for O Of CD, etc.f are equal, being radii of the same 0). 

Substitute forAB + BS+SQ, etc., P, and for GO,B; 

then the area of the circumscribed polygon = ^ P X R. 

Q. E. D. 
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Proposition VIII. Theorem. 

331. The sum of the squares described on the two sides 
of a right triangle is equivalent to the square described on the 
hypotenuse. ^ 




Let ABC be a right triangle with its right angle at C. 

We are to prove AG^ -^r C~Bt = AB^ 
Draw COl-toAB. 

Then r^ = AOXAB, §289 

(tlie square cm a side of art. A is eqtud to the product of the hypotenuse by 
the adjacent segment made bytheJL let fall from the vertex of the rt. Z.) ; 



and FV^ = BOXAB, 

By adding, AC" + S~G^= {A0 + BO) AB, 

= ABXAB, 

332. Corollary. The side and diagonal ^ 
of a square are incommensurable. 

Let ABGD be a square, and AC the 
diagonal. 

Then Aff + F^ = A^. 

or, 2A^=Ard^. 

Divide both sides of the equation by JTS^, 



§ 289 



Q. E. D. 




AB 



= 2. 



Extract the square root of both sides the equation, 

AG ^ 
AB-"^' 



then 



Since the square root of 2 is a number which cannot be 
exactly found, it follows that the diagonal and side of a square 
are two ineommensurable lines. 
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Another Demonstration. 

333. The square described on the hypotenuse of a right 
triangle is equivalent to the sum of the squares on the other 
two sides. 




D L E 

Let ABC be a light A, having the right angle BAC. 

We are to prove Su = E^ + AG , 

OnBC, GA, AB construct the squares B U, CH, A F. 
Througli A draw AL W to GK 
J)tb.w A D Siiid F G. 
ZBAGiseiTt. Z, 
and Z. B A G 18 a. vt, A, 

,'. GAG is Si straight line. 
Also A G A H is siTt. Z, 

.'. B^AH is a straight line. 



Hyp. 

Cons. 
Cons, 



Now 



ZI)BG=Z FBA, 

(each being art. Z ). 



Cons. 
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§106 
ALandBD), 



Add to each the /.ABC] 

then Z.ABD = ZFBG, 

.\AABD=AFBa 

Now CJ BLia double A ABB, 

{being on the same base BD, and between the same I 

and square ^ ^ is double A FBC, 
(being on the same boM FB, and Vetween the same \\s, FB and 0) ; 

,', EJ BL = square A F. 

In like manner, by joining A E and B K, it may be proved 
that 

EJ C L = square C H, 

Now the square on BC = 0JBL+'O C L, 

= square A F + square GH, 

.\ Blf = BA" + AC^. 

Q. E. D. 



On Projection. 

334. Def. The Projection of a Point upon a straight line 
of indefinite length is the foot of the perpendicular let fall from 
the point upon the line. Thus, the projection of the point G 
upon the line ^ ^ is the point P. 

C C 





Pig. 2. 

The Projection of a Finite Straight Line, as C £> (Fig. 1), 
upon a straight line of indefinite length, as A B, is the part of 
the line A B intercepted between the perpendiculars G P and 
2> a, let fall from the extremities of the line G D, 

Thus the projection of the line G D upon the line ii ^ is 
the line P J?. 

If one extremity of the line G D (Fig. 2) be in the line 
A B, the projection of the line G D upon the line A B ia the 
part of the line A B between the point D and the foot of the 
perpendicular G P ; that is, D P. 



186 



GEOMSTBT. BOOK IV. 



Proposition IX. Theorem. 

335. In any triangle^ the square on the side opposite an 
acute angle is equivalent to the sum of the squares of the other 
two sides diminished hy twice the product of one of those 
sides and the projection of the other upon that side. 





Fig. 2. 

Let be an acute angle of the triangle ABC, and 
D C the projection ot AG upon B G. 

Wearetoprcm JTl^ = F^ + JTC^ — 2 BC X DO. 

If J) fall upon the base (Fig. 1), 

DB^BO-DC; 

If D fall upon the base produced (Fig. 2), 

DB^DC-'BG. 

In either case iTS' == EJf + UHf -2BGX DC. 
Add AD to both sides of the equality ; 

then, Alf + in^ = Blf + nf + ITTf -2BGXDG. 



But 



;3 



a 



JTD^ + ^v =- rs; 



§331 



{the sum of the squares on two sides of a rt. A is equivalent to the square 

on the hypotenuse) ; 

and ID^ + inf^Alf, § 331 

Substitute J^ and JTU for their equivalents in the above 
equality ; 

then, AJ^ = FTf + I^ -^BCXDG. 

Q. E. D. 
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Proposition X. Theorem. 

336. In any obtuse triangle, the aqtuire on the side 

opposite the obtuse angle is equivalent to the. sum of the 

squares of the other two sides increased by twice the product 

cf one of those sides and the projection of the other on that 

side. 

A 




Let G be the obtuse angle of the triangle ABC, and 
CD be the projection of A upon BC produced. 

We are to prove JT^ = E^ + /T?* + 2 BOX DO. 

DB^BC+ DC. 

Squaring, ZTB" = E^ + ITif + 2 B C X D C. 

Add A D to both sides of the equality ; 

then, Jnf + Ul^ = B^ + X7f + U^ ■\-2BCXDC. 

But nf + D^ = r^, § 331 

{fht sum of the squares on two sides of a rt. A is equivalent to the sqiuire 

on the hypotenicse) .; 



and 



A^ + J^ = AG'. 



§331 



Substitute AB and A G for their equivalents in the 
above equality; 

then, *iO' = F^ + AC" + 2BCXDC. 



Q. E. D. 



337. Definition. A Medial line of a triangle is a straight 
line drawn from any vertex of the triangle to the middle point 
of the opposite side. 
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Proposition XI. Theorem. 

838. In any triangle^ if a medial line he drawn from 
the vertex to the base : 

I. The sum of the squares on the two sides is equivalent 
to twice the square on half the base, increased by twice the 
square on the medial line ; 

IT. The difference of the squares on the two sides is 
equivalent to twice the product cf the base by the projection 
(f the medial line upon the base. 




In the triangle ABC let AM be the medial line and 
M D the projection of A M upon the base B C. 
Also let AB be greater than A C. 

We are to prove 

I. I^ + A^ = 2 SIS^ + 2 .or*. 

II. £^-A^=-2BCXMD. 

Since A B > A C, the /LAMB will be obtuse and the 
AAMC will be acute. § 116 

Then ir^^ S^ + Ili^ + 2BMX MD, §336 

(m any obtuse A t?ie square on the side opposite the obtu^se Z is equivalent to 
the sum of the squares on the other two sides increased by ttvice Jhe 
product of one of those sides and the projection of the other 07i that side) ; 

and Uf = mf + AM^ - 2 MG X MD, § 335 

{in any A the square on the side opposite an acute Z. is equivcUent to the sum 
of the squares on the other two sides, diminished by ttoice the produd 
of one of those sides and the projection of the other upon that side). 

Add these two equalities, and observe that B M=^ MC> 

.Xhen AT^ + A~0^ = 2 Bl^'^ + 2 AM'^. 
Subtract the second equality from the first. 
Then ATff '- ATC^ = 2 BC X MD, 

Q. E. D. 
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Proposition XIL Theorem. 
339. The mm of the squares on the four aides of any 
quadrilateral is equivalent to the sum of the squares on the 
diagonals together with four times the square of the line 
joining the middle points of the diagonals. 

A 




In the qnadrUateral A B CD, let the diagonals be AG 
and B D, and F E the line Joining the middle 
points of the diagonals. 

We are to prove 

JTff + BG^ + CTS^ + D^ = AC^ + BD^ + 4 ET^' 
Draw J5 ^ and i> jE'. 

I^ow A^ + BG^ = 2 (— )' + 2 FE^, § 338 

{the sum of the squares on the two sides of a A is equivalent to tunce the square 
on half the base increased by twice the square on the medial line to the base), 

and (Tl^ + I)T = 2 (— )" + 2.5^. § 338 

Adding these two equalities, 

£^ + F(f + (J7? + irT = 4 (£^' + 2 (bH^ + ]n:\ 

But E^ + 1)^=2 (?^y + 2 M7\ § 338 

(the sum of the squares on the two sides of a A is equivalent to twice the square 
on half the base increased by twice the square on the medial line to the base). 

Substitute in the above equality for {B E^ + D E^) its 
equivalent ; 

then XB=* + 5C' + 17Z? + 253^ = 4 (^' + 4(^y+4:SF* 

= rc^ + BD^ + 4 El^ 

Q. E. D. 

340. Corollary. The sum of the squares on the four sides 
of a parallelogram is equivalent to the sura of the squares on the 
diagonals. 
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Proposition XIIL Theorem. 

341. Two triangles having an angle of the one equal to 
an angle of the other are to each other as the jproducts of the 
sides including the equal angles. 




Let the triangles ABC and ADE have the common 
angle A, 



We are to prove 



Draw B E, 



Now 



A ABC __ ABXAG 
~aT:de '^ ADXAE' I 



AABC AC 



AABE AE 
(A having the same altitude are to each other as their bases). 



§326 



Also 



AABE 



AB 



AADE AD' 
(^ having the same aUitvde are to ea^ other as their bases). 

Multiply these equalities ; 



§326 



then 



AABC ^ ABXAG 
AADE ADXAE 



Q. E. D. 
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Proposition XIY. Theorem. 

342. Similar triangles are to each other as the squares 
on their homologous sides, 

a 




A^ ^ ^B A'^ ^ ^Bf 

Let the two triangles he AG B and A'C'B. 

^ , AACB rff 

We are to prove _^_^ = __. 

Draw the perpendiculars C and C^ C, 

Then ^-^^^ = -^-^X^^ = ^ X J^, § 326 
AA'G'B' A'B'XC'O' A'B' G' (^ ^ 

{two ^ are to each other as the products of their hawses by their altitttdes). 

But :^- = ^ , § 297 

A'B' G^O' * 

{the hcmwlogous altitudes of similar ^ have the same ratio as their homoUh 

gates bases). 

Substitute, in the above equality, for — — its equal : 

,, AAGB AB AB _ AT^ 
then = y = . 

AA*G'B' A'B' ^ A'B' ^rg? 

Q. E. D. 
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Proposition XV. Theorem. ' - ^ 

343. Two similar polygons are to each other as the 
scares on any two homologous sides, 
B C 




Let the two similar polygons be A B C, etCs and 
A'BC\ etc. 

jjnr ^ ABGy etc. A^ 
We are to prove _ ! = . 

A' B' 6", etc. ^rg^ 
From the homologous vertices A and A' draw diagonals. 

Now ^ = Ac:==c^D 

A' B' B'C CD' 
(similcpr polygons have their Jiomologous sides proportional) ; 

. , . r& Bi? ci? . 

. . by squannsf, = ■= , etc 

A^^ BTU^ (jru^ 

Th^AABCyA CD, etc., are respectively similar to A'FG'y 
A' C D', etc., ^ § 294 

(two similar polygons are composed of tJie same nurriber of is. similar to each 

other and similarly placed), 

. AABO _ I^ 5 342 

(similar A are to each other as the squares on their hom4>logous sides), 

and AA^£^ = ^. §342 

A A' CD' Qi-jji^ 



» ■« 
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But 



AABG AACD 



AA'B'C A A' CD' 

In like manner we may prove that the ratio of any two of 
the similar A is the same as that of any other two. 

> . AABC __ AACD __ AADE ^ AAEF 
" AA'B'G' "" AA'G'D' "" A A' D' E' "" AA' E' P' 

. ^ABG-V ACD-^ ADE-\- AEF _ AABC 
A A' B'S' -H A'G'D' + A' D' E' + A' E' F' "A A' B' G' ' 






{in a series 07 equal ratios the sum of the antecedents is to the sum of the 
coTisequents as any antecedent is to its conseqiierU). 

But AABC ^A^ 53,2 

AA'B'G' X'~Bf^ 
(similar A are to each other cw the squares on their hoTnologous sides) ; 

. the polygon ABC, etc. JTB^ 

« « ^_^_^_^_^.^_^^_^.— ^^^^_^__^_^_ ^^ ^ 

the polygon A' B' G', etc. A' B'^ 

Q. E. D. 

344. Corollary 1. Similar polygons are to each other as 
the squares on any two homologous lines. 

345. CoR. 2. The homologous sides of two similar poly- 
gons have the same ratio as the square roots of their areas. 

Let S and aS'' represent the areas of the two similar polygons 
ABC, etc., and A' B' C, etc., respeclively. 

Then S : S' : : A^ : ATB^, 

{similar polygons are to each other as the squares of their hoTnologous sides), 

sfE \ \fW :: AB : A' B\ § 268 

or, . AB ^ A'B' \\ >(S \ s[W, 
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On Constructions. 
Proposition XVI. Problem. 

346. To construct a square equivalent to the mm of two 
given squares. 







! • 
a'- ->-^^-.. 


s 

-J 






W 


R 





Let R and H* be two given squarifi. 
It %8 required to constrvM a square = R+ R*. 
Construct the rt. Z A, 

Take A B equal to a side of i?, 

and A C equal to a side of R'. 

Draw B C. 

Then B C will be a side of the square required. 

For 'WG^=TB^ + TC^ § 331 

{tJie square on the hypotenuse of a rt. A is equivalent to the sum of the 

squares on the two sides). 

Construct the square S, having each of its sides equal 
to BO. 

Substitute for BC^, rff and AG^, S, R, and B re- 
spectively ; 

then 



S=R + R\ 
*\ S ia the square required. 



a E. F. 



CONSTRUCTIONS. 
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Proposition XVII Problem. 

347. To construct a square equivalent to the difference 
of two given squares. 







B/ 


B 
A 






R 




^ 1 

1 1 

1 « 1 

i_ 1 








-' c 





Let R be the smaller square and R' the larger. 
It is required to construct a square = R^ M- 
Construct the vi. Z. A. 

Take A B equal to a side of R. 

From ^ as a centre, with a radius equal to a side of Rf^ 

describe an arc cutting the line ^i X at C, 

Then A G will be a side of the square required. 



For 



draw EG, 



(the sum of the squares on the two sides of art. A is equivalent to the square 

on the hypoteniLse), 

By transposing, J^ = BG — Jin, 
Construct the square *S', having each of its sides equal to A C. 

Substitute for AG^, BG^, and A^, S, R7, and R re- 
spectively ; 

then S=^R' — R. 



.\ S is the square required. 



Ct E. F. 
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Proposition XVIIL Problem. 

348. To construct a square equivalent to the mm of any 

number of given squares. 

H 

■ 

\ \ 






^A \ \ 



. C 



P 

r- 

m 



. \ 

\ \ 

"- \ \ 



^i_-, J::r£=^5 



Let m, n, o, p, r be sides of the given squares. 
It is required to conMruct a square = m^ + ti^ + o* + jo^ + r*. 
Take AB=-m. 

Draw AC ^=^ n and J. to ^i -5 at -4. 
Draw ^(7. 
Draw C E= and Lio BC 2X C, and draw B E. 
Draw ^j^ = jt? and J. to ^^ at jS^, and 'draw BF, 
Draw FH = r and ± to ^^ at F, and draw B H. 
The square constructed on -B ZT is the square required. 

For BU^ = FTP + FT^, . 

= FW + FTF^ + FTG^ + C^, 

= FR^ + EF^ + W& + U^ + r^, § 331 

ifk& sum, of the squares on two sides of art.Ais equivalent to the square 

on the hypotenuse). 

Substitute for AB, G A, EC, EF, and Fff, m, n, o, p, 
and r respectively; 

then £B^ = rrv^ + n^ + 0^ + p^ + r*. 

Q. E. F. 
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Proposition XIX. Problem. 

849. To construct a polygon similar to two given similaf 
polygons and equivalent to their sum. 




B" 




0. 



P- 



V 



H 



Let R and R' be two similar polygons, and A B and 
A' B' two homologous sides. 

It is required to construct a similar polygon equivalent to 
R + R'. 

Construct the rt. Z P. 

Take FH = A' B', and FO = A B. 

Draw H, 

Take ^" B'' = H, 

Upon A" B", homologous to A B, construct the polygon R" 
similar to R. 

Then ^" is the polygon required. 

For R' : R :: £~B^ : IT^, § 343 

{similar polygons are to each other as the squares on their homologous sides). 

Also R" \ R' :: AJ^~B^ : JTB^. 

In the first proportion, by composition,. 

R' + R : R' :: IHB^ + H^ : JJl^, 



§343 



But 



R" : R' 



§ 264 






: Elf : PH\ 
:.R" : R' :: R' + R : R'; 

.'. R" = R' + R, 



Q. E. F 
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Proposition XX. I^roblem. 

350. To construct a polygon similar to tfoo given similar 
polygons and equivalent to their difference. 




Af B A B 

Let R and W be two similar polygons, and A B and 
A' B' two homologous sides, y^ 

It is required to construct a similar polygon which shall^ 
he equivalent to R' — R, 

Construct the rt. Z P, 

and take P0=^ AB. 

From as a centre, with a radius equal to A' B'y 

describe an arc cutting PX &t ff, 

DtslwOH, 

T8keA"B" = Pff. 

On ^" 5", homologous to A J5, construct the polygon R^ 
similar to R. 

Then R" is the polygon required. 

For R' : R :: A^ : A&, § 343 

{similar polygoidfare to each other as the squares on tJuir homologous sides). 



Also i?" : R :: A'' B"^ : AT^. 

In the first proportion, by division, 

R'-R I R : : ATE^ - iO* : 2:5*, 

(TB^ - OP' : (TP, 

FB^ : UT. 

R" I R \: AJTB^ : ATff, 

: FB^ : up". 
r.R" : R :: R' — R : R; 
.-. R" = R' — R. 



But 



§343 



§265 



a E. F. 
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polygon. 



Proposition XXI. Problem. 
351. To construct a triangle equivalent to a given 




I A E F 

Let AB^DHE be the given polygon. 

It is required to construct a triangle equivalent to the given 
polygon. 

From JD draw D E, and from H draw HF II to D E, 

Produce AEio meet H F dX F, and draw D F. 

The polygon ABCDF has one side less than the polygon 
ABC D U E, but the'two^are equivalent. 

For the part AB CD E is common, 

and the ABE F= A DE II, for the base D Eis common, 
and their vertices Fond H are in the line FH II to the base, § 325 
(^ Juiving the same base arid eqiuil altitvdes are e^inivalerU), 

Again, draw G F, and draw D K W to C F to meet AF 
produced at K. 

Draw C K, 

The polygon ABC K has one side less than the polygon 
ABCDF, but the two are equivalent. 

For the part ABC F \& common, 

and the A C FK = A C F D, for the base C F is common, 
and their vertices K and D are in the line KD II to the base. § 325 

In like manner we may continue to reduce the number of 
sides of the polygon until we obtain the A C I K^ 

Q. E. F. 



n 
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Proposition XXIL Problem. 

85^. To construct a square which shall have a given 
ratio to a given square. 

" — ■ 9^ — \—^^. 

n A '^ -^- ^ C 

n 
Let R be the given square, and - the given latio. 

m 

It is required to construct a square which shall be to E as 

ti is to m. 

On a straight line take AB = m, and BC = n. 

On AC Bs & diameter, describe a semicircle. 

At B erect the JL B S, and draw SA and SO, 

Then the A ^ aS'C is a rt. A with the rt. Z at /S', § 204 
(being inscribed in a semicircle.) 

On SA, OT SA produced, take SB equal to a side of B. 

DrawjE^i^ll to AC. 

Then SFia o, side of the square required. 

For 2 = —, §289 

SC" ^0' ^ 

{the sqimres on the sides of art. A have the same ratio as the segments of the 
hypotenuse made by the 1. let fall from the vertex of the rt, Z). 

Also — = ||, §275 

SC SF ^ 

(ft straight line drawn through two sides of a A, parallel to the Udrd side, 

divides those sides proportionally). 

Square th6 last equality ; 

the. ^='^. 

Substitute, in the first equality, for its equal ; 

SC SF^ 

,, A^^ AB m 
then = — — = — , 

g^2 BC n 

that is, the square having a side equal to SF will have the 
same ratio to ttie square B, as Tihas to m, 

Q. E. F. 
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Proposition XXIIL Problem. 

353. To construct a polygon similar to a given polygon 
and having a given ratio to it. 




.JKT' 



/^ /"|\X ^^- 






m 



\ / 



V. ! 

n Af Bf 



n 



Let R be the given polygon and - the given i-atio. 

m 

It 18 required to construct a polygon dmUar to H, which 
shall be to J2 as n is to m. 

Find a line, A^ B*, such that the square constructed upon it 
shall be to the square constructed upon -4 ^ as w is to w. § 352 

Upon A* Bf as a side homologous to A By construct the 
polygon S similar to R. 

Then S is the polygon required. 



For 1==^' §343 

^ A^ 

{similar polygons are to each other as the squares on their homologous sides). 



But ^' = !^ ; Cons. 

A£^ '^ 

, O n cr n 

..— = —, or, o : /£ : : w : wk 
R m 

Q. E. F. 
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Proposition XXIV. Probleil 

354. To construct a square equivalent to a given jaaral- 
lelogram. 



Let ABCD be a pai&Uelogram, b *te base, and a its 
altitude. 

It is required to construct a square = CJ ABCD. 

Upon the line MX take MN = a, and iT = h. 

Upon jSf as a diameter, describe a semicircle. 

At JV erect if P ± to MO. 

Then the square JR, constructed npon a line equal to NPy 
is equivalent to the EJ ABC D. 

For MF : NF :: NP : NO, § 307 

(a ± let fall fr(m any point of a circumference to the diarruter is a mean 
proportional between the segments of the diameter). 

.-. FF^ = MN XNO = aXh, § 259 

(the product of the means is equal to the product of the extremes). 

a E. F. 

355. Corollary 1. A square may be constructed equiva- 
lent to a triangle, by taking for its side a mean proportional 
between the base and one-half the altitude of the triangle. 

356. CoR. 2. A square may be constructed equivalent to 
any polygon, by first reducing the polygon to an equivalent tri- 
angle, and then constructing a square equivalent to the triangle. 
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Proposition XXY. Problem. 

357. To eonstrtcct a parallelogram equivalent to a given 
square, and having tie mm of its base and altitude equal to 
a given line. 




M 



-^^ — " 



/ 



-~\Q 



\ 



■iN 



Let R be the given square, and let the sum of the 
base and altitude of the required parallelogram 
be equal to the given line MN, 

It is reqidred to construct a CJ = jR, and having the sum 
of its hose and altitude = M N. 

Upon MN as a diameter, describe a semicircle. 

At M erect a, 1. MP, equal to a side of the given square B. 

Draw FQ II to MN, cutting the circumference at S. 

Dmw SO ±toMJSr. 

Any O having GM for its altitude and ON for its base, 
is equivalent to H. 

For S CisW to FM, §65 

(ttoo straigJU lines X to the satne straight line are II ). 

.\SC = FM, §135 

(ll* comprehended between \\s are equal), 

.-. SG^ = FlP = R. 

But MG : SG :: SG : G N, § 307 

{a A. let fall from any point in a drciimference to the diameter is a mean 
proportional between the segments of the diameter). 

Then SG^ = MG X GN, § 259 

{th^ produd of the means is equal to the product of the extremes). 

Q. E. F. 

358. Scholium. The problem is impossible when the side 
of the square is greater than one-half the line MN 
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Proposition XXYI. Problem. 

859. To construct a parallelogram equivalent to a given 

square, and having the difference of its base and altitude 

equal to a given line, 

S 







1 \C7 _ 




X 



/ 



IV 



/ 



Let R he the given square, and let the difference of 
the base and altitude of the required parallelo- 
gram be equal to the given line MN. 

It 18 required to constrtict a O = jff, vdth the different 
of the hose and altitude = M N. 

Upon the given line MN as a. diameter, describe a circle. 

Froin M draw MS, tangent to the O, and equal to a side 
of the given square E. 

Through the centre of the O, draw SB intersecting the 
circumference at G and B. 

Then any O, as 7?', having SB for its base and SO for 
its altitude, is equivalent to i?. 

For SB : SM :: SM : SC, § 292 

(if from a point wUhout a Oj a secant and a tangent be dravrn, the tangent is 
a mean proportional between the whole secant and the part vnthout the O). 

^M'^^SBXSC; 



Then 



§259 



and the difference between SB and SGi& the diameter 
of the O, that is, MN. 

Q. E. F. 
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Proposition XXVII. Problem. 

360. Given x = sJZ, to construct x, 

E 



/ 



/ 
/ 



/ 



C 

m 




Let m represent the unit of length. 

It is required to find a line which shall represent the square 
root of' 2, 

On the indefinite line A By take AC = my and G D = 2m. 

On AD OS 0. diameter describe a semi-circumference. 

At C erect a J_ to -4 jB, intersecting the circumference at E, 

Then G E i& the line required. 

For AG : GE M GE : G D, § 307 

(pie 1. let fall from any point in the circumference to the diameter, is a mean 
proportional between the segments of the diameter) ; 

.'.(TE'^^AGXGDy §259 



.\GE=slAG X GDy 



Q. E. F. 



Ex. 1. Given x = y/5, y = sjl, z = 2^ ; to construct x, y, 
and z, 

2. Given 2 : x : : x : 3; to construct x, 

3. Construct a square equivalent to a given hexagon. 
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Proposition XXVIII. Problem. 

861. To construct a polygon similar to a given polygon 
P, and equivalent to a given polygon Q, 






c 



'^\ 






B' 



'■»" 



A'^.--^ ! w 






{ i 



.1 



...i. 



m 



Let P and Q he two given polygons, and AB a side 
of polygon P. 

It is required to conMruct a polygon similar to P ana equiva- 
lent to Q, . 

Find a square equivalent to P, § 356 

and let m be equal to one of its sides. 

Find a square equivalent to Q, § 356 

and let n be equal to one of its sides. 

« 

Find a fourth proportional to m, n, and AB. § 304 

Let this fourth proportional be A^ B', 

Upon A' B', homologous^o A B, construct the polygon P* 
similar to the given polygon P. 

Then P' is the polygon required. 





CONSTBITCTIONS. 


'ZVt 


For 


m AB 


Cons. 


• 
Squaring, 






'' But' 


P=-m\ 


Cons. 


and 


Q-n^; 


Cons. 




. P m« I^ 


V • 




Q n' ITB^ 




But 


P AT? 


§343 



(similar paCygont a/re to ecusk other as (he squares on. their homologous sides) ; 
.*. JP' is equivalent to ©, and is similar to P by constructidki. 

Q. E. F. 



Eir 1. Construct a square equivalent to the sum of three 
given squares whose sides are respectively 2, 3, and 5. 

2. Construct a square equivalent to the difference of two 
given squares whose sides are respectively 7 and 3. 

3. Construct a square equivalent to the sum of a given tri- 
angle and a given parallelogram. 

4. Construct a rectangle having the difference of its base and 
altitude equal to a given line, and its area equivalent to the sum 
of a given triangle and a given pentagon. 

5. Given a hexagon ; to constat a similar hexagon whose 
area shall be to that of the given hexagon as 3 to 2. 

6. Construct a pentagon similar to a given pentagon and 

equivalent to a given trapezoid. 



r 
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Proposition XXIX. Problem. 

862. To construct a jpolygon similar to a given poly gon^ 

and having two and a half times its area, 

Y 





B ^ C 

Let P he the given polygon. > 

It is required to construct a polygon similar to P, and 
equivalent to 2J P, 

Let ii ^ be a side of the given polygon P, 
Then yjl : sm \ : AB : x, 

or ^2 : >JZ w AB : Xj § 345 

(the homologous sides of similar polygons are to each other cls the square roots 

of their areas). 

Take any convenient unit of length, as MC, and apply it 
six times to the indefinite line JfiV. 

On MO {= 3 M C) describe a semi-circumference; 

and on JfiV (= 6 Jf (7) describe a semi-circumference. 

. At erect a _L to M N, intersecting the semi-circumfer- 
ences at D and H, 

Then G D i^ the V^2, and C H i^ the v/5. § 360 

Draw C F, making any convenient Z. with C H, 

On (7 r take CE = AB. 

From D draw D Ey 

and from H draw H Y W to DE. 
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Then G Y will equal x, and be a side of the polygon re- 
quired, homologous to A B, 

For CD : CH ,: CE : CT, § 275 

(a Ime drawn through two sides of a A, W to the third side, divides the two 

sides proportio'nally). 

Substitute their equivalents for CD, Off, and E ; 
then ^ : )/5 :: AB : CY. 

On C Y, homologous to A B, construct a polygon similar 
to the given polygon P; 

and this is the polygon required. 

Q. E. F. 



Ex. 1. The perpendicular distance between two parallels is 
30, and a line is drawn across them at an angle of 45** ; what is 
its length between the parallels ? 

2. Given an equilateral triangle each of whose sides is 20 ; 
find the altitude of the triangle, and its area. 

3. Given the angle ^ of a triangle equal to § of a right 
angle, the angle B equal to J of a right angle, and the side a, 
opposite the angle A, equal to 10 ; construct the triangle. 

4. The two segments of a chord intersected by another chord 
are 6 and 5, and one segment of the other chord is 3; what 
is the other segment of the latter chord % 

5. If a circle be inscribed in a right triangle : show that 
the difference between the sum of the two sides containing the 
right angle and the hypotenuse is equal to the diameter of the 
circle. 

6. Construct a parallelogram the area and perimeter of which 
shall be respectively equal to the area and perimeter of a given 
triangle. 

7. Given the difference between the diagonal and side of a 
square; construct the square. 



BOOK V. 

REOUIiAIt POLYGONS AND CIRCLES. 

363. Dbp. a Regular Polygon is a polygon which is 
equilateral and equiangular. 

Proposition I. Theorem. 

864. Every equilateral polygon inscribed in a circle w a 
regular polygon, 

D 




Let ABO, etc, be an equilateral polygon inscribed 
in a circle. 

We are to prove the polygon ABC, etc., regtUar, 

The arcs A B, BO, CD, etc., are equal, § 182 

(m the same O, eqtial chords subtend equal arcs), 

/. arcs ABC, BCD, etc., are equal, Ax. 6 

.". the A A, B, 0, etc., are equal, 
(being iriscribed in eqtial segments). 

.*. the polygon ABO, etc.^ is a regular polygon, being 
equilateral and equiangular. 

Q. E. D. 
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Proposition II. Theorem. 

365. I. A circle may he circumscribed about a regular 
^polygon, 

n. A circle rriay be inscribed in a regular polygon. 




E 
Let ABC Dy etc., be a regular polygon. 

We are to prove that a O mag be circumscribed ahout this 
regular polygon^ arid also a O may be inscribed in this regular 
polygon. 

Case L — Describe a circumference passing through A^ By and G. 

From the centre 0, draw A, D, 

and draw 5 J_ to chord B G. 

On « as an axis revolve the quadrilateral ABs, 

until it comes into the plane of OsG D. 

The line s B will fall upon s (7, 
(for Z08B = ZOsO, both being rt. A). 

The point B will fall upon G, § 183 

(siTice sB = sC). 

The line BAwUl fall upon G D, § 363 

{since A B = Z 0, being A of a regular polygon). 

The point A will fall upon D, § 363 

(since B A = CD, being sides of a regular polygon). 

.'. the line A will coincide with line Dy 
(their extremities being the same points). 

.'. the circumference will pass through D. 

In like manner we may prove that the circumference, pass- 
ing through vertices B, (7, and D will also pass through the 
vertex E, and thus through all the vertices of the polygon in 
succession. 

Case II. — The sides of the regular polygon, being equal chords of 
the circumscribed O, are equally distant from the centre, § 1 85 

.*. a circle described with the centre and a radius Os 
will touch all the sides, and be inscribed in the polygon. § 174 

aE.D. 
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366. Def. The Centre of a regular polygon is the commoii 
centre of the circumscribed and inscribed circles. 

367. Def. The Radius of a regular polygon is the radius 
OA of the circumscribed circle. 

368. Def. The Apotliem of a regular polygon is the radius 
a of the inscribed circle. 

369. Def. The Angle at the centre is the angle included 
by the radii drawn to the extremities of any side. 



Proposition III. Theorem. 

370. Hack angle at the centre of a regular polygon is 
equal to four right angles divided by the number of sides 
of the polygon. 




Let ABCy etc, be a regular polygon of n sides. 

4rt. A 
We are to prove A AO B — 



n 



Circumscribe a O about the polygon. 

The AAOB.BOC, etc., are equal, § 180 

{in the same O equal arcs mbtend equal A at the cerUre), 

.-. the Z ^ ^ = 4 rt. ^ divided by the number of A about 0. 

But the number of A about = n, the number of sides 
of the polygon. 



.\Z.AOB = 



4rt. A 



n 



Q. E. D. 



371. Corollary. The radius drawn to any vertex of a 
regular polygon bisects the angle at that vertex. 
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Proposition IV. Theorem. 

372. Two regular polygons of the same number of sides 
are similar. 





Q )C F\ Q 





Bf . 



Let Q and Q' be two regular polygons, each having 
n sides. 

We are to prove Q and Q' similar polygons. 

The sum of the interior A of each polygon is equal to 

2rt. ^(71-2), §157 

(the sum of the interior A of a polygon is equal to 2 rt. A taken as many 

times less 2 as the polygon has sides). 

-r^ , ^ « , , ^ 2 rt. ^ (» — 2) c 1KO 

Each Z of the polygon Q = ^^ ^ > § 158 

n 

(for the A of a regular polygon are all eqiial, and hence each Z is eqital 

to the sum of the A divided by their number). 

Also, each Z of ©' = 2 rt. A(n-2) ^ ^ ^^^ 

n 

.'. the two polygons Q and Q^ are mutually equiangular. 

Moreover, ^ = 1^ § 353 

{tJie sides of a regular polygon are all equal) ; 

and ^-E. = 1, § 363 

B'C 

...^ = ^^', Ax.l 

EG B'C 

.•. the two polygons have their homologous sides proportional ; 

.'. the two polygons are similar. § 278 

Q. E. D. 
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Proposition V. Theorem. 



373. Tke homohgoua sides of similar regular polygons 
have the same ratio as the radii of their circumscribed cir- 
cles, andy also as the radii of their inscribed circles. 





Let and 0' be the centres ot the two similar regu- 
lar polygons ABC, etc, and A' B'C, etc. 

Froin O^and 0' draw U, D, (yW, O'l^, also the 
Js Om and Om', 

E and 0' E' are radii of the circumscribed (D, § 367 

and m and 0' mf are radii of the inscribed (D. § >368 

ED __ OE _ Om 



We are to prove 



E' Jy 0' E' 0' m' 

In the A OED and 0' E' D* 

theAOEDyODE, (y E' D' and 0'Z>' F are equal, § 371 
(being halves of the equal A FE D, EDO, F' W l^ and Ef Df O) ; 

.-. the A jB^T) and 0' E' D' are similar, § 280 

{if two ^ Tiave two A of the one equal respectively to two A of the other, they 



are similar). 
ED OE 



Also, 



E'D' O'E' 
{the homologous sides of similar A are proportional), 

ED Om 



§278 



E'D' 



O'm' 



§297 



{pie homologous altitudes of similar ^ have the same ratio as their hovwlo- 

gous hawses). 

Q. E. D. 
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Pboposition VL Theorem. 

374. The perimeters of similar regular polygoni have 
the sams ratio as the radii of their circumscribed circles, and, 
also as the radii of their inscribed circles. 





Let P and P' represent the perimeters of the two 
similar regular polygons ABC, etc., and A'BfG'^ etc. 

From centres 0, 0' draw Q E, 0' E', and Js »i and 0' m'. 

* 

P OE Om, 



We are to prove 



P 0' E' 



Cm' 



P_ 
P 



ED 
E' D'' 



§ 295 



(the perimeters of similar polygons have the same ratio as any two Jiomolo- 

goii^ sides). 



Moreover, 



OE 



ED 



§373 



0' ET E'B'' 

{the homologous sides of similar regular polygons have the same ratio as the 

radii oftKeir circum>scribe<^^). 

Om _ ED 
O'm' "" E' D'' 



^' 



Also 



§373 



(fhe homoilogous sides of similar regular polygons have the same ratio as 

the radii of their inscribed (D), 



P' 



OE^ 

O^E' 



Om 
Wm' 



Q. E. D. 
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Proposition YIL Theorem. 

375. The circumferences of circles have the same ratio 
as their radii. 





Let G and C be the circnmferences, R and ^ the 
radii ot the two circles Q and Qf, 

We are to prove C \ C \ i R : R'. 

Inscribe in the <D two regulai polygons of the same number 
of sides. 

Conceive the number of the sides of these similar regular 
polygons to be indefinitely increased, the polygons continuing to 
be inscribed, and to have the same number of sides. 

Then the perimeters will continue to have the same ratio as 
the radii of their circumscribed circles, § 374 

{the perimeters of similar regular polygons have the saitne ratio as the radii 

of their circumscribed (D), 

and will approach indefinitely to the circumferences as their 
limits. 

.'. the circumferences will have the same ratio as the radii 
of their circles, ' § 199 

Q. E. D. 
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376. CoROLLABY. By multiplying by 2, both terms of the 
ratio H : R', we have 

that is, the circumferences of circles are to each other as 
their diameters. 

Since C : C i : "2. R \ 2Bf, 

C .2R i: C : 2Rf, § 262 

C C 



or, 



2R "IRf 



That is, the ratio of the circumference of a circle to its 
diameter is a constant quantity. 

This constant quantity is denoted by the Greek letter x. 

377. ScnoLiuM. The ratio it is incommensurable, and there- 
fore can be expressed only approximately in figures. The let- 
ter w, however, is used to represent its exact value. 



Ex. 1. Show that two triangles which have an angle of the 
one equal to the supplement of the angle of the other are to each 
other as the products of the sides including the supplementary 
angles. 

2. Show, geometrically, that the square described upon the 
sum of two straight lines is equivalent to the sum of the squares 
described upon the two lines 'plus twice their rectangle. 

3. Show, geometrically, that the square described upon the 
difference of two straight lines is equivalent to the sum of the 
squares described upon the two lines minus twice their rectangle. 

4. Show, geometrically, that the rectangle of the sum and 
difference of two straight lines is equivalent to the difference 
of the squares on those lines. 
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Proposition VIII. Theorem. 

378. If the number of aides of a regular inscribed poly- 
gon be increased indefinitely y the apothem vdll he an increas- 
ing variable whose limit is the radius of the circle. 




In the light triangle OGAy let A be denoted by R, 

by r, and AC byb. 

We are to prove lim, (r) = /?. 

r<R, §52 

{a 1. is the shortest distance from a povnl to a straight line). 

And R-r<h, §97 

{one side of a A is greater than the dij^erence of the other two sides). - 

By increasing the number of sides of the polygon indefi- 
nitely, A B, that is, 2 6, can be made less than any assigned 
quantity. 

.\h, the half 6i 2 5, can be made less than any assigned 
quantity. 

.\ R — r, which is less than 6, can be made less than any 
assigned quantity. 

.*. Urn. (R — r) = 0. 

.\R'-lim,(r) = 0. §199 

•*. lim. (r)^ R. 

Q. E. D. 
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Proposition IX. Theorem. 

879. The area of a regular polygon m equal to one-half 
ih^ product of Us apothem hy its perimeter. 




Let P represent the perimeter and R the apothem 
of the regular polygon ABC, etc. 

We are to prove the area of ABC, etc,, = \RX P, 

Bmw A, B, C, etc. 

The polygon is divided into as many A as it has sides. 

The apothem is the common altitude of these A, 

and the area of each A is equal to ^ 7? multiplied hy 
the base. § 324 

.". the area of all the A is equal to J 22 multiplied by the 
sum of all the- bases. 



But the sum of the areas of all the A is equal to the area 
of the polygon, 

and the sum of all the bases of the A is equal to the 
perimeter of the polygon. 

.'. the area of the polygon = ^B X P. 

Q. E. D. 
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Proposition X. Theorem. 

380. The area of a circle is equal to one-ha^ the 
product of its radius by its circumference. 




Let R represent the radius, and C the circumference 
of a. circle. 

We are to prove the area of the circle = ^ E X C> 

Inscribe any regular polygon, and denote its peiimeter 
by P, and its apothem by r. • 

Then the area of this polygon ^^rXP, § 379 

{th£ area of a regular polygon is equal to one-half the product of its apothem 

by the perimeter). 

Conceive the number of sides of this polygon to be indefi- 
nitely increased, the polygon still continuing to be regular and 
inscribed. 

Then the perimeter of the polygon approaches the circum- 
ference of the circle as its limit, 

'the apothem, the radius as its limit, § 378 

and the area of the polygon approaches the O as its limit. 

But the area of the polygon continues to be equal to one- 
half the product of the apothem by the perimeter, however 
great the number of sides of the polygon. 

.-. the area of the O = ^ i? X (7. § 199 

Q. E. 0. 
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(J 

381. Corollary 1. Since = tt, 

'2R 



§376 



In the equality, the area of the O = J 7? X (7, 

substitute 2 tt-K for G ', 

then the area of the = Ji?X 2iri?, 

That is, the area of a O = tt times the square on its radius, 

382. Cor. 2. The area of a sector equals J the product of 
its radius by its arc ; for the sector is such part of the circle as 
its arc is of the circumference. 

383. Dep. In different circles similar arcs, similar sectors, 
and similar segments, are such as correspond to equal angles at 
the centre. 

Proposition XI. Theorem. 

384. Tivo circles are to each other as the squares on 
their radii. 





Let R and R' be the radii of the two circles Q and ^. 
We are to move ~ = — . 

Now © = 7ri?2, §381 

{the area o/aQ= rr times the square on its radius), 

and Q' = 7rR'^. §381 

Q wRi R^ 

0*" 



Then 



7r^'2 ^/2 



Q. E. D. 



385. Corollary. Similar arcs, being like parts of their re- 
spective circumferences, are to each other ew their radii ; similar 
sectors, being like parts of their respective circles, are to each 
other as the sqtiares on their radii. 
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Proposition XII. Theorem. 

386. Similar segments are to each other aa the sqiiarea 

on their radii, C 

O 





A'^ 

P' P 

Let A C and A' C he the radii ot the two similar seg- 
ments ABP and A'B'P". 

TXT * ^^^ ^ 
We a/re to prove = . 

The sectors A G B amd A' C B' are simikr, ; § 383 
{having the AcUthe centre, C and O, equal), 

Inthe A AC B&nd A' C'B' , 

zc = zc', " ':^^ 383 

{)>eing corresponding A of similar sectors), ■ • ^H^ * 

AG=CB, ■' |rl63 

A'G' = C'B') J- 163 

.\ihQ A AG B and A' G' B' are similar, § 284 

{hxvd'ng an /L of the (me equal to an Z. of the other, and Oie including sides 

proportioTuil). 

Now sector AGB _ 17^ ^ j 3g5 

sector A' G' B' JHJ^ 
{similar sectors are to each other as the squares on their raMi); 

and A^g^^Xg^ 5 342 

AA'G'B' jrc'^ 
{similar ^ are to each other as the squares on th^r homologous sides), 

XX sector AGB — AAGB r& 
Hence = ^ > 

sector A' G' B' — H A' G' B* aHJ^ 

segment ABP X^ * 271 

segment A' B' P' ATG^'^ 
{yftwo qiuintities he increased or diminished by like parts ofeach^ the results 

wiZl he in the same ratio as the quantities themselves). 

Q. E. D. 



or, 
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Exercises. 

1. Show that an equilateral polygon circumscribed about a 
circle is regular if the number of its sides be odd, 

2. Show that an equiangular polygon inscribed in a circle is 
regular if the number of its sides be odd, 

3. Show that any equiangular polygon circumscribed about a 
circle is regular. 

4. Show that the side of a circumscribed equilateral triangle 
is double the side of an inscribed equilateral triangle. 

5. Show that the area of a regular inscribed hexagon is 
three-fourths of that of the regular circumscribed hexagon. 

6. Show that the area of a regular inscribed hexagon is a 
mean proportional between the areas of the inscribed and cir- 
cumscribed equilateral triangles. 

7. ^fSfyf that the area of a regular inscribed octagon is equal 
to that of a rectangle whose adjacent sides are equal, to the 
sides of the inscribed and circumscribed squares. 

8. Show that the area of a regular inscribed dodecagon is 
equal to three times the square on the radius. 

9. Given the diameter of a circle 50; find the area of the 
circle. Also, find the area of a sector of 80° of this circle. 

10. Three equal circles touch each other externally and thus 
inclose one acre of ground-; find the radius in rods of each of 
these circles. 

11. Show that in two circles of different radii, angles at the 
centres subtended by arcs of equal length are to each other in- 
versely as the radii. 

12. Show that the square on the side of a regular inscribed 
pentagon, minus the square on the side of a regular inscribed 
decagon, is equal to the square on the radius. 
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On Constructions. 

Proposition XIII. Problem. 

887. To inscribe a regular polygon of any number of 
sides in a given circle. 




Let Q be the given circle, and n the number of sides 
of the polygon. 

It w required to inscribe in Q, a regular polygon having n 
sides. 

Divide the circomference of the O iaton equal arcs. 

Join the extremities of these arcs. 

Then we have the polygon required. 

For the polygon is equilateral, § 181 

(in the same O eqiuU arcs are subtended by equal chords) / 

and the polygon is also regular, § 364 

{an equilateral polygon inscribed in a Q is regular), 

Q. E. F- 
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Proposition XIV. Problem. 

388. To inscribe in a given circle a regular polygon 
which has double the number of aides of a given inscribed 
regular polygon. 




Let ABC D be the given inscribed polygon. 

It is required to inscribe a regular polygon having double the 
nurnber of sides of ABC D. 

Bisect the arcs AB, BC^ etc. 

Draw AE, E B, B F, etc., 

The polygon AE B FC, ete., is the polygon required. 

« 

For the chords AB^ BC, etc., are equal, § 363 

Qmng sides of a regular polygon), 

,\ the arcs A B, B Cy etc., are equal, § 182 

(in the same O eqiial chords subtend equal arcs). 

Hence the halves of these arcs are equal, 

OP, AE, EB, BF, FC, etc., are equal; 

/. the polygon A EB F, etc., is equilateral 

The polygon is also regular, § 364 

{an equilateral polygon inscribed in aO is regular) ; 

and has double the numher of sides of the given regular 
polygon. 

Q. E. F. 
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Proposition XY. Problem. 
389. To inscriie a square in a given circle. 




Let he the centre ot the given circle. 

It is required to inscribe a square in the circle. 

Draw the two diameters A G and B D A.io each other. 

Join AB, BC, CD, and DA. 

Then ABCBls the square required. 

For, the ^ ^ ^ C, BCD, etc., are rt. A, § 204 

{beiTig inscribed in a semicircle), 

and the sides AB, BC, etc., are equal, § 181 

{in the same O eqtuil arcs are subtended by equal chords) ; 

.'. the figure A B CD is a square, § 127 

{having its sides equal and its A rt. A ). 

Q. E. F. 

390. Corollary. By bisecting the arcs AB, BC, etc., a 
regular polygon of 8 sides may he inscribed ; and, by continuing 
the process, regular polygons of 16, 32, 64, etc., sides may be 
inscribed. 



. N. 
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Proposition XYL Problem. 
391. To inscribe in a given circle a regular hexagon. 



Let be the centre of the given circle. 

'It is required to inscribe in the given O a regular hexag<m. 

Prom draw any radius, as G. 

, From (7 as a centre, with a radius equal to C, 

describe an arc intersecting the circumference at F. 

Draw Oi^ and OF. 

Then Fiaa. side of the regular hexagon required. 

Por the A FG ia equilateral, Cons. 

and equiangular, § 112 

.-. the Z FO G is ^oi 2 It, A, or, J of 4 rt. z^ . § 98 

.*. the arc FG \s\ oi the circumference ABGF, 

.*. the chord FG, which subte;ads the arc FG, ia a, side 
of a regular hexagon ; 

and the figure GFJD, etc., formed by applying the radius 
six times as a chord, is the hexagon required. 

Q. E. F. 

392. Corollary 1. By joining the alternate vertices A, G, 
D, an equilateral A is inscribed in a circle. 

393. CoR. 2. By bisecting the arcs AB,BG, etc., a regu- 
lar polygon of 1 2 sides may be inscribed in a circle ; and, by 
continuing the process, regular polygons of 24, 48, etc., sides 
may be inscribed. 
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Proposition XVIL Problem. 
394. To inscribe in a given circle a regular decagon. 




B 
Let be the centre ot the given circle. 

It is required to inscribe in the given O a regular decagon. 

Draw the radius G, 

and divide it in extreme and mean ratio, so that C shall 
be to aS' as /S is to /S' (7. § 311 

Prom (7 as a centre, with a radius equal to /Si 

describe an arc intersecting the circumference at B, 

BmwBC, BS, and J5 0. 

Then ^ (7 is a side of the regular decagon required. 

For : OS :: OS : SO, Cons. 

and BO=OS. Cons. 

Substitute for S its equal B 0, 

then 00 : BO :: BO : SO. 

Moreover the Z 00 B = Z SO B, Iden. 

.-. the A (7 ^ and ^ (7/8^ are similar, § 284 

{having anZoftlie (me equal to an /.of the others and the inclttding sides 

proportio7ial). 

But the A OB is isosceles, § 160 

(its sides C and B being radii of the sarrve circle), 

.'. the A BO S, which is similar to the A OB, jb isosceles, 
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and BS = BG. §114 

But OS = BG, Cons. 

.\OS=^BS, Ax. 1 
.'. the A SO B is isosceles, 

and the Z = Z SB 0, § 112 

{being opposite eqvM sides), 

ButtheZ C SB^Z + Z SBO, § 105 

{the exterior Zofa Ais equal to the sum of the two opposite interior A \, 

.\i}iQZCSB = 2Z0. 
ZSCBi^Z CSB)^2Z0, §112 

and ZOBC {-=^ZSCB)=-2Z0. §112 

.\ the sum of the A oiihe A C B = b Z 0, 

/. 5Z = 2rt..2^, §98 

and Z (9 = i of 2 rt. A, or ^i^ of 4 rt. A. 

.*. the arc B is ^ of the circumference, and 

.*. the chord jB C is a side of a regular inscribed decagon. 

Hence, to inscribe a regular decagon, divide, the radius in 
extreme and mean ratio, and apply the greater segment ten 
times as a chord. 

Q. E. F. 

395. Corollary 1. By joining the alternate vertices of a 
regular inscribed decagon, a regular pentagon may be inscribed. 

396. Cor. 2. By bisecting the arcs BO, OF, etc., a regular 
polygon of 20 sidas may be inscribed, and, by continuing the 
process, regular polygons of 40, 80, etc., sides may be inscribed. 
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Proposition XVIII. Problem. 

897. To inscribe in a given circle a regular pmvtedecoLgon, 
or polygon of fifteen sides. 




F 
Let Q be the given circle. 

It is required to inscribe in Q a regular pentedecagon. 

Draw EH equal to a side of a regular inscribed hexagon, § 391 

and E F equal to a side of a regular inscribed decagon. § 394 

Join FH, 

Then ^JET will be a side of a regular inscribed pentedecagon. 

For the arc ^JJ is J of the circumference, 

and the arc E Fis ^ of the circumference ; 

.*. the arc FHis ^ — ^, or x^, of the circumference. 

.'. the chord FH ia a, side of a regular inscribed pente- 
decagon, 

and by applying FH fifteen times as a chord, we have the 
polygon required. 

Q. E. F. 

398. Corollary. By bisecting the arcs FH, HA, etc., 
a regular polygon of 30 sides may be inscribed; and by con- 
tinuing the process, regular polygons of 60, 120, etc. sides may 
be inscribed. 
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Proposition XIX. Problem. 

899. To inscribe in a given circle a regular jaolygon 
similar to a given regular j^olygon. 





Let ABC D, etc, be the given regular polygon, and 
C D' E' the given circle. 

It w required to inscribe in C B' IE/ a regular polygon- 
similar to A B C D, etc. 

Prom Oy the centre of the polygon ABCD, etc. 

draw i> and C. 

Prom 0' the centre of the O C B' I?y 

draw (y C and 0' B', 

making the A 0' =^ Z. 0, 

Draw C B'. . 

Then C B' will be a side of the regular polygon required. 

Por each polygon will have as many sides as the Z 
(=Z 0') is contained times in 4 rt. ^4. 

.'. the polygon C B' E^, etc. is similar to the polygon 
CBE, etc., § 372 

{tvx) regular polygons of the same nuviber of sides are similar). 

Q. E. F. 
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Proposition XX. Problem. 

400. To circumscribe about a circle a regular polygon 
similar to a given inscribed regular polygon, 

BMC 



pet HMRSy etc, be a given inscribed regul&r polygon. 

It is required to circumscribe a regular polygon similar 
to HMRS, etc. 

At the vertices ZT, if, R^ etc., draw tangents to the O, 
intersecting each other at ^, B, C, etc. 

Then the polygon ABC D^ etc. will be the regular poly- 
gon required. 

Since the polygon ABC Dy etc. 

has the same number of sides as the polygon ffMRS, etc., 

it is only necessary to prove that ABC JD, etc. is a regular 
polygon. § 372 

In the A B EM and C M R, 

nM=MR, §363 

(being aides of a regular polygon), 
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the A BHM, BMH, G M R, and GEM axe equal, § 209 
(being measured by halves of equal arcs) ; 

.\ the A BUM and GMB are equal, § 107 

(homng a side and two adjoint A of the one eqtuil respectively to a side and 

two ac(^acent A of the other), 

.\ZB = ZG, 

{being homologous A of equal ^ ). 

In like manner we may prove Z G = Z I), etc 

.*. the polygon A B G £>, etc., is equiangular. 

Since the A BHMy G MR, etc. are isosceles, § 241 
(tiDO tangents draimifrom the sam^ point to aO are equal\ 

the sides BH^ BM, G M, G Ry etc. are equal, 
{J)eing Tiomologoics sides ofeqical isosceles ^). 

.'. the sides A B, B G, G B^ etc. are equal, Ax. 6 

and the polygon ABGB, etc. i3 equilateraL 

Therefore the circumscribed polygon is regular and similar 
to the given inscribed polygon. § 372 

Q.E F. 



Ex. Let R denote the radius of a regular inscribed polygon, 
r the apothem, a one side, A one angle, and G the angle at the 
centre ; show that 

1. In a regular inscribed triangle a = R V^, r = ^ R, 
A = 60°, G = 120°. 

2. In an inscribed square a = R s[2, r = ^ ^ ^, A = 90°, 
C = 90°. 

3. In a regular inscribed hexagon a = R, r =^ \ R ^, 
A = 120°, G^= 60°. 

. , , ^ R (y/E - I) 

4. In a regular inscribed decagon a == « k 

r = ii? VlO-h 2 V^, ^ = 144°, a = 36°. 
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Proposition XXL Problem. 

401. To find the value of the chord of one-half an arcj 

in terms of the chord of the whole arc and the radius of the 

circle. 

D 




Let AB be the chord of arc A B and A D the chord 
of one- half the arc A B, 

It is required to find the value of A D in terms of AB and 
B {radius), 

rrom D draw D H through the centre 0, 

and draw A. 

H D 18 A-to the chord AB a.t its middle point C, § 60 
{two points, and D, equaMy distant from the extremities, A and B, de- 



termine the position of a 1. to the middle point of A B), 

The Z HA Z) is a rt. Z, 

{being inscribed in a seinidrcle). 



§ 204 



,\jn^ = DHX DC, §289 

{the sqv/ire on one side of art, A is eqticU to the product of the hypotenxise by 
the adjacent segm^ni made by the A. let fall from the vertex of the rt, /L ). 



Now 



DH=-2R, 



and DC = DO-CO=^R-GO', 
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Since ^(70 is art. A, 

jr^=-r^-^Cl?; §331 



.\co^ ^(jro" - jrG% 



* 4 

_ V4 722 _ j-ga. 



In the equation i'S^ = 2 .ff (i? — C(>), 

V4 ^2 - £T} 



substitute for (7 its value 



then m 



V4i22~x:g2, 



= 2 ^ - ^ ( V4 i22 - J:g2\ ^ 

Q. E. F. 

402. Corollary. If we take the radius equal to unity, 
the equation A D = J 2 B^ — R Isl 4. E^ — AB^\ becomes 
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Proposition XXIL Problem. 

403. To compute the ratio of the circumference of a 
circle to its diameter, approximately. 




Since 



IT 



§376 



Let G be the circumference and R the radius of a 
circle, 

_ C 

2R* 

C 
when i? = 1, TT = 2 * 

It is required to find the numerical value of ir. 

We make the following computations by the use of the 
formula obtained in the last proposition, 



ui 3 = i/2 - V4 - ^ ^, 



No. 
Sides. 

12 

24 

48 

96 

192 

384 

768 



when ABia& side of a regular hexagon : 
In a polygon of 

Form of Computation. 



12 



AD = >^2-^i- 



AI) = )/2-^i- 



AD = \j2-sJi- 



^Z)=V2 — V^4 — 



AI) = ^2-)j4: 



AD = yj2-\JI^ 



.51763809)2 



.26105238)2 



.13080626)2 



.06543817)2 



.03272346)2 



Length of Side. 

.51763809 
.26105238 
.13080626 
.06543817 
.03272346 
.01636228 
.00818121 



Perimeter. 

6.21165708 
6.26525722 
6.27870041 
6.28206396 
6.28290510 
6.28311544 
6.28316941 



.01636228)2 

Hence we may consider 6.28317 as approximately the cir- 
cumference of a O whose radius is unity. 

u- 1, 1 C 6.28317 
. . IT, which equals — , = . 

^ 2t 



IT = 3.14159 nearly. 



Q. E. F 
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On Isoperimetrical Polygons. — Supplementary. 

404. Def. Isoperimetrical figures are figures which have 
equal perimeters. 

405. Def. Among magnitudes of the same kind, that 
which is greatest is a Maximum^ and that which is smallest 
is a Minimum, 

. Thus the diameter of a circle is the maximum among all 
inscribed straight lines; and a perpendicular is the minimum 
among all straight lines drawn from a point to a given straight 
line. 

Proposition XXIII. Theorem. 

406. Of all triangles having two sides respectively equate 
that in which these sides hiclude a right angle is the maxi^ 
mum. 




Let the triangles ABC and EBC have the sides A B 
and BG equal respectively to EB and BC ] SLnd 
let the angle ABC he a right angle. 

We are to prove A ABO A EB C. 

Prom E, let fall the ± E D. 

The A ABC and EBC, having the same base B C, are to 
each other as their altitudes A B and EI), § 326 

(^ having the same base are to each other as their altitudes). 

Now ED is < EB, § 52 

(a J- is the shortest distarvce froTa a point to a straight line). 

But EB = AB, Hyp. 

.\ED\^<AB. 
.'.AABOAEBC. 

Q. E. D. 
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Proposition XXIV. Theorem. 

407. Of all poly gon% formed of ddes all given hut one y 
the polygon inscribed in a semicircle y having the undetermined 
side for its diameter, is the maximum. 

C 




Let AB, BC, CD, and D E he the sides of & polygon 
inscribed in a semicircle having A E for its di- 
ameter. 

We are to prove the polygon ABODE the maximum of 
polygons having the sides A B, B C, CD, and D E. 

Froin any vertex, as C, draw CA and CE. 

Then the Z AC E ia Art. Z , § 204 

(being inscribed in a semicircle), 

Now the polygon is divided into three parts, ABC, C D E, 
and A C E. 

The parts ABC and C D E will remain the same, if the 
Z AC EhQ increased or diminished ; 

but the part ACE will be diminished, § 406 

{of all A having two sides respectively eqtial, that in which these sides in- 

clude art. Zis the rruiximum). 

.'. ABC D E i3 the maximum polygon, 

Q. E. D. 
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Proposition XXV. Theorem. 

408. The maximum of all polygons formed of given sides 
can be inscribed in a circle, 

Hf Df 





A A' 

Let ABODE be a polygon inscifbedin a circle, and 
A'B'C'JyE' be a polygon, equilateral with re- 
spect to ABCDE^ but which cannot be inscribed 
in a circle. 

We are to prove 
the polygon ABGDE> the polygon A^B'C'D'E'. 

Draw the diameter A H, 

JomCffsLndDK 

Upon C'ly {=0 D) construct the A C H' D" = A C H D, 

and draw A' W, 

iN'ow the polygon ABCH>i\^ polygon A' B' C B, § 407 

{of all polygons formed of sides all given Imt onCy the polygon inscribed in a 
semicircle having the undetermined side for its diameter ^ is the mojximum). 

And the polygon A E D H > i\iQ polygon A* E D' H\ § 407 

Add these two inequalities, then 

the polygon A BGHD E > the polygon A'BOBD'E'. 

Take away from the two figures the equal A. G H D and 
G'H'D'. 

Then the polygon ABGDE>i\iQ polygon A' B' G' D' E. 

Q. E. O. 
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Propobition XXVI. Theore&c. 

409. Of all triangles having the same hose and equal 
perimetersy the isosceles triangle is the maximum. 



^zr 




Let the AACB and ADB have equal perimeteis, 
and let the AACB be isosceles^ 

We are to prove AACB>AAI)B. 

Draw the -k C E b,tA L F. 



AACB ^ CJE 
AABD "" DF' 

Tuning the same base e^e to ectch ether as (heir altitiidesy^ 
Prodtice A CM Sy making CH—AC. 

Draw HB, 



§326 



The JL ABH is a rt. A, for it will he inscrihed in the 
semicircle drawn from C as a centre, with the radins C B, 
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From C let faU the ± C£; 

and from 2) as a centre, with a radius equal to D B, 

describe an arc cutting II B produced, at P. 

Draw 2> P and J: P, 

and let fall the 1. D M. 

Since AE= AC + G B = AD -^^ D B, 

and AP<AD^- DP', 

r.APKAD + DB; • 

.-. Aff>AP. 

.\BH>BP. §56 

Now BK=IBH, §113 

(a ± (frai£W /rom tJie vertex of an isosceles A bisects tha hase\ 

and BM=iBP. §113 

But CE = BK, §135 

(Il« comp'eJiended between \\s are equal); 

and DF=BM, §135 

.\CE>DF. 
.\AACB>AADB. 

Q. E. D. 
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Pboposition XXVIL Theorem. 

410, The maximum of uoperim^trical polygona of the 
same number of sides is equilateral. 





Let ABC D, etc, he the maximum qt isopeiim,etiical 
polygons of any given number of sides. 

We are to prove AB, BC, CD, etc,, equal. 

Draw A G. 

The A ABC must be the maximum of all the A which 
are formed upon A C with a perimeter equal to that of A ABC, 

Otherwise, a greater A A KC could be substituted for A A BO, 
without changing the perimeter of the polygon. 

But this is inconsistent with the hypothesis that the poly- 
gon ABCDy etc., is the maximum polygon. 

.'. the A ABC, is isosceles, § 409 

(of all ^ having the same base and equal perimeters, the isosceles A is the 

maximum). 

In like manner it may be proved that BC=^ C D, etc. 

Q. E. D. 

411. Corollary. The maximum of isoperimetrical poly- 
gons of the same number of sides is a regular polygon. 

For, it is equilateral, § 410 

(the maadmum of isopeH/metrical polygons of the same number of sides is 

equilateral). 

Also it can be inscribed in a O, § 408 

(tlie maximum of all polygons formed of given sides can be inscribed in a O). 

Hence it is regular, § 364 

{an equilcUexdl polygon inscribed in a Q is regular). 
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Proposition XXVIII. Theorem. 

412. Of uoperimetrical regular polygons ^ that is greatest 
which has the greatest, number of sides. 





Let Q be a regular polygon of three sides, and Q* be 
a regular polygon ot four sides, each having the 
same perimeter. 

We are to prove Q' > Q. 

In any side AB oi Q, take any point 2>. 

The polygon Q may be considered an irregular polygon 
of four sides, in which the sides A D and D B make with each 
other an Z equal to two rt. A . 

Then the irregiilar polygon Q^ of four sides is less than the 
regular isoperimetrical polygon Q! of four sides, § 411 

(fKt mcvximv/m, of isoperimetrical polygons of the same nunriber of sides is a 

regular polygon). 

In like manner it may be shown that Q' is less than a 
regular isoperimetrical polygon of five sides, and so on. 

Q. E. D. 



413. Corollary. Of all isoperimetrical plane figures the 
circle is the maximum. 
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Proposition XXIX. Theorem. 

414. If a regular polygon he constructed with a given 
area, its perimeter will be the less the greater the number 
of its sides. 




Q! 






Let Q and Q* be reffular polygons having the same 
area, and- let Qf have the greater nnmber of sides. 

We are to prove the perimeter of Q^ the perimeter of Q, 

Let Q' be a regular polygon having the same perimeter as 
Q', and the same number of sides as Q, 

Then 0' is > ©", § 412 

{of isoperiTnetrical regular polygons, that is the greatest which has the greatest 

number of sides). 



But 



.-. e is > Q". 



.*. the perimeter of © is > the perimeter of ^'. 
But the perimeter of Q' = the perimeter of ©", Cons. 
s\ the perimeter of $ is > that of ^. 

Q. E. D. 

415. Corollary. The circumference of a circle is less than 
the perimeter of any other plane figure of equal area. 
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On Symmetry. — Supplementary. 

416. Two points are Symmetrical when they are situated 
on opposite sides of, and at eqvxd distances fromy a fixed point, 
line, or plane, taken as an object of reference. 

417. When a point is taken as an object of reference, it is 
called the Centre of Symmetry ; when a line is taken, it is called 
the Axis of Symmetry ; when a plane is taken, it is called the 
Plane of Symmetry, 

• 

418. Two points are symmetrical with re- 
spect to a centre^ if the centre bisect the straight 
line terminated by these points. Thus, P, P 
are symmetrical with respect to (7, if C bisect 
the straight line PP, 

419. The distance of either of the two symmetrical points 
from the centre of symmetry is called the Radius of Symmetry. 
Thus either CP oi CP is the radius of symmetry. 

420. Ttoo points are symmetrical with 
respect to an axisy if the axis bisect at right 

angles the straight line terminated by these X 1 X 

points. Thus, P, P are symmetrical with re- 
spect to the axis XX\ if XX^ bisect PP^ at p, 
right angles. 




421. Two poinds are symmetrical with 
respect to a plane, if the plane bisect at 
right angles the straight line terminated by 
these points. Thus P, P' are symmetrical 
with respect i^ MN, MMN bisect P P' at 
right angles. 



M^ 



P' 



N 
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422. Tjvo plane figures are symmetrical with respect to a 
centre, an (txis, or a plane, if every point of either figure have 
its corresponding symmetrical point in the other. 

A B ~ » H 1 iN 





A' 




Fig. 1. 



Fig. 2. 



Fig. 8. 



Thus, the lines A B and A' B' are symmetrical with respect 
to the centre G (Fig. 1), to the axis XX' (Fig. 2), to the plane 
M N (Fig. 3), if every point of either have its corresponding 
symmetrical point in the other. 




Fig. 6. 



Also, the triangles ABB and A' B' D' are symmetrical with 
respect to the centre G (Fig. 4), to the axis XX' (Fig. 5), to the 
plane M N (Fig. 6), if every point in the perimeter of either 
have its corresponding symmetrical point in the perimeter of the 
other. 

423. Def. In two symmetrical figures the corresponding 
symmetrical points and lines are called JiomologoiLS, 
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Two symmetrical figures with respect to a centre can be 
brought into coincidence by revolving one of them in its own 
plane about the centre, every radius of symmetry revolving 
through two right angles at the same time. 

Two symmetrical figures with respect to an axis can be 
brought into coincidence by the revolution of either about the 
axis until it comes into the plane of the other. 

424. Def. a single figure is a si/mmetrical figure, either 

when it can be divided .by an axis, or plane, into two figures 

symmetrical with respect to that axis or plane; or, when it has 

a centre such that every straight line drawn through it cuts the 

perimeter of the figure in two points which are symmetrical 

with respect to that centre. 

C 





Fig. 1. 



Fig. 2. 



Thus, Fig. 1 is a symmetrical figure with respect to the 
axis XX', if divided by XX' into figures ABC Bsmd AB'C'D 
which are symmetrical with respect to XX', 

And, Fig. 2 is a symmetrical figure with respect to the 
centre 0, if the centre bisect every straight line drawn 
through it and terminated by the perimeter. 

Every such straight line is called a diameter. 

The circle is an illustration of a single figure symmetrical 
with respect to its centre as the cenire of symmetry, or to any 
diameter as the axis of symmetry. 
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Proposition XXX. Theorem. 

4^5. Two equal and parallel lines are symmetrical with 

respect to a centre. 

A Bf 



B A^ 

Let AB and A' B' he equal and parallel lines. 

We are to prove A B and A' B' symmetrical. 

Draw A A' and B B\ and through the point of their inter- 
section C7, draw any other line HCH'^ terminated \r AB and 
A'B'. 

In the ^GAB and G A' B' 

AB = A'B\ Hyp. 

also, A A and B=^ A A' and B' respectively, § 68 

(being alt, -int. d. ), 

.\AGAB-=AGA'B') ' '§107 

.-, GA and GB^GA* and GB respectively, 

Q)eiTiig hoirwlogoxis sides of equal A). 

Now in the Jk A G H Q.ndi A' G H' 

AG^A'Gy 
A A and AG H^^ A A' and A' G IT respectively, 

.'.AAGH==AA*GH', § 107 

(having a side and two odQ. A of the one equal respectively to a side and tv?o 

adj. A of the other). 

.\GH=Gff', 

(hein^ homwlogous sides of equal ^ ). 

,\ IP is the symmetrical point of H. 

But H is any point in -4 ^ ; 

/. every point in ^ J5 has its symmetrical point in A'B'. 

.\ A B and A' B' are symmetrical with respect to (7 as a 
centre of symmetry. 

Q. E. D. 

426. Corollary. If th^ extremities of one line be re- 
spectively the symmetricals of another line with respect to the 
ime centre, the two lines are symmetrical with respect to that 
tre. 
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Proposition XXXI. Theorem. 

427. If a figure he symmetrical with respect to two axes 
perpendicular to each other y it is symmetrical with respect 
to their intersection as a centre. 




JLet the figure ABODE FGH be symmetrical to the 
two axes XX'^ YY' which intersect at 0. 

We are to prove the centre of symmetry of the figure'. 

Let / be any point in the perimeter of the figure. 

Draw IKL L to XX', and IMN± to YY, 

Join LO, ON, and Z if. 

Now KI=KL, 

(the Jiffure being symmetrical with respect to X Xf). 

But KI=OM, 

(lis comprehended bettmen lis are egucU), 

.\KL= OM. 
.\KLOMi8 8iCJ, 

(having two sides eqtcal and parallel). 

.'. LO is equal and parallel to KM, 
{being opposite sides of a CJ). 

In like manner we may prove N equal and parallel to KM. 

Hence the points L, 0, and N are in the same straight line 
drawn through the point \i to KM, 

Also LO = ON, 

(since each is equal to K M), 

,', any straij^ht \me LO N, drawn through 0, is bisected at 0. 
.'. is the centre of symmetry of the figure. § 424 

Q. E. D. 



§420 

§ 135 

Ax. 1 
§ 136 

§ 134 
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Exercises. 

1. The area of any triangle may be found as follows : From 
half the sum of the three sides subtract each side severally, mul- 
tiply together the half sum and the three remainders, and extract 
the square root of the product. 

Denote the sides of the tri- 
angle ABChja,b, c, the alti- 
tude by p, and ^r by s. 



Show that 



a 



2 = 






and show that 




P 



P 



P 



4c^ 



_V/4 6V-(62+c2_^2)2 



2c 



__ y/ (6 + c + a) (6 + c — a) (a + 6 - c) (a — 6 + c) 



2c 



Hence, show that area of A A B C, which is equal to 



cXp 



= i\/(6 + c + a)(6 + c-a)(a + 6-c)(a-6 + c). 
= \ s (s — a) (s — b) (s — c). 

2. Show that the area of an equilateral triangle, each side of 
which is denoted by a, is equal to — j-^ . 

3. How many acres are contained in a triangle whose sides 
are respectively 60, 70, and 80 chains 1 

4. How many feet are contained in a triangle each side of 
which is 75 feet 1 
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THIS work is based upon the assumption that Geometry is 
a branch of practical logic, the object of which is to 
detect, and state clearly and precisely, the successive steps from 
premise to conclusion. 

In each proposition, a concise statement of what is given is 
printed in one kind of type, of what is required in another, and 
the demonstration in still another. The reason for each step is 
indicated in small type, between that step and the one follow- 
ing, thus preventing the necessity of interrupting the process of 
demonstration by referring to a previous proposition. The 
number of the section, however, on which the reason depends. 
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is placed at the side of the page ; and the pupil should be pre- 
pared, when called upon, to give the proof of each reason. 

A limited use has been made of symbols, wherein symbols 
stand for words and not for operations. 

Great pains have been taken to make the page attractive. 
The figures are large and elegant, and the propositions have 
been so arranged that in no case is it necessary to turn the page 
in reading a demonstration. 

A large experience in the class-room convinces the author 
that, if the teacher will rigidly insist upon the logical form 
adopted in this work, the pupil will avoid the discouraging 
difficulties which usually beset the beginner in Geometry ; that 
he will rapidly develop his reasoning faculty, acquire facility in 
simple and accurate expression, and lay a foundation of geo- 
metrical knowledge which will be the more solid and enduring 
from the fact that it will not rest upon an effort of the memory 
simply. 

Strong evidence of the merit of this book is found in the fact 
that since the beginning of the school year, 1877-78, /'/ has been 
introduced into one hundred and five Colleges and five hundred 
and eighty-four High Schools and Academies, of which a list 
.nay be seen on page 34. 

Teachers should not fail to examine this book before forming 
new classes. 



